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Abstract

In this paper, we describe the automorphisms of various classes of finite groups. We introduce the concept of
semi direct product on certain groups and use this concept to define the automorphism of certain finite groups. If
the automorphism of direct product of two groups is a group then the automorphism groups of these two groups

are disjoint, Aut(Ty X T;) & Aut(Ty) X Aut(T,) iff 7,55 well as T2 is characteristic subgroup of T1 X Tz, We

compute the number of automorphisms of an abelian P ~ group of order 7°.
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Introduction

The first general structure result for the automorphism group of a finite group follows from a classical result of
Gauss in number theory. Let Z. denotes the additive group of integers med (n), There exist some finite groups that
are isomorphic to their own automorphism groups, e.g. Pe. The structure of 4uz(c) is often hard to compute. This
paper will explore the orders and structures of automorphism groups for direct and semi direct products.

Theorem: Suppose that an abelian group & be such that

G=2Z,xZyx..XZ,

s—times

For p —prime and s € ¥ then

Aut (Hz,) = ﬁ(ps -p.
s j=0

=7y XZpy XX

Proof: As ’ —m—z the following cases are:

Fors=1, in that case ¢ =2, there are »—1 elements which have orderr. Assume that Z,=<c > suppose r:%,~ 2,
defined as¥(c) =</ where 1 <j<p—1in that case r € 4ut(2,), Thus |4ut(Z,)| =» — 1.

For s = 2, in that case ¢ =Z, % Z,, Let Z,xZ,=<c>x<d> Thus assume ¢ :Z,x Z, - Z,x Z, 3 homomorphism. In that
case 9 —automorphism iff 16(e)l=18(d)l=p as well as<d() >n<d(d)>={e}, To find [4ut(z,x2.)l. the number of
pairs (wv) € Z,x 2, 50 that §(c) = v as well as é(d) = v.

z,xz, Contains »*— 1 elements having Order P. As ¢ € 2,%Z, so that Icl = », So any automorphism sends 7 to that
element of z.xz. which also has Order ». And there are »*-1 elements in Z.xZ,, whose order is P. So there are
»®—1 choices for image of € having an automorphism. Let = #¢, then we should find the number of element
v €Z,%Z, having order » as well as <u>n<y>=(,

A p — group is generated by every . But there are »* — 1 elements of order ».

Which implies that »* - » elements of order » don’t belong to T==<u> and those elements also form a group S of
order » whose intersection with < > is only unit element. Thus |4ut(2, X Z,)| = (»* - p)(@* - 1).

For s = 3. Suppose

G = HZP
) ZoXZ X WX I, =<6 >X <6 > XX <g, >,
And assume that the set of generators {1 €2, . €.} for G such that = ——ioe
Except the identity element, the order of all elements is». To find l4«t(&)l, we should calculate the one-one
mapping from generators of ¢ to the groups generating by non-identity element and the intersection contains
only identity element. Assume that »(c)=r for anye € 4ut(6), Now there exists »°—r elements » €6 so that
<r>n<u>={e}. Let assume that r(c) =rand elc.) =t for some t€<r> hence there exists »°—r* elements w
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whose order is » so that we<r>x<t> Now let »(c;) = w such that (<r=>x<t=) nx<w>={e}, Continuing like this,
we find l4ut(&)l like that

(1o

Theorem: Suppose a group Aut(r,x T,)  then the subgroups Aut(T,)naut(T,)={1}, where I— identity of
Aut(T; x Ty).
Proof: Assume that a map v: 4ut() - 4ut(r, X T,) defined by v(x) =ve for some » € Aut(Ty), where vu € Aut(T, X T,)

that is defined by walti &) = (u(t)t). Again we define a map o: aur) » au(r, x7,) by 6(r) = 6,

where (¢, ) = (tur(e:)) v € awe(r;), Then v and € are 1-1 homomorphisms and hence 4ut(T) n4ut(Tz) = {1}, where I—
identity of Aut(Ty x T,).

Theorem: Suppose T: xT. be the direct product of T: and T, then there is a subgroup of Aut(T, X T; ) which is
isomorphic to Aut(T;) X Aut(Ty) having only those mapping from Aut(T, X T; ) that maps elements from T to
T, and T> to T,

Proof: Let v € Aut(Ty) and # € Aut(T), then (wu) € dut(Ty)x4ut(T;). Suppose @:7 =7 - 7x7,  defined by
Bty ) = (vt (t)) ¥ 1, € Toandt, € o, \We shall show that € € Aut(T, X To). It is very easy to show that ¢ is well

defined as well as 1-1 homomorphism. Now for some (t..t.) € Ty X T, as both ¥ and # are onto therefore we have
(tnts) = (v(e1 o (82)) = 6(t3.t3), Therefore 6 € Aut(T, X T,). Now define the map
& Aut(T)) X Aut(T,) — Aut(T, X T,) by {vin) = @, For any v.vi € Aut(T,) and «.u, € Aut(T,) We have

(v.p) = (v 1)

Sv=v andp=p,

o v(t) = vy (t,) and u(t;) = uy(t,)
= (V(rl):.“(t:)) = (vl [tij:ﬂi(r:))

= 6(t),t,) = 0,(t,t;)

= {v, )ty tn) = Elvy, py) (81, 8).

As this holds for vt. €T, and t:€T.. Thus ¢ is 1-1 homomorphism. Hence Aut(Ty) x Aut(T2)js subgroup of
Aut(T, X T,) having those elements from A4ut(T, x T.) which maps elements from 7. to 7. and 7. to 7.

Proposition: Aut(T, x T,) = Aut(T,) x Aut(T,) iff r. as well as T is characteristic subgroup of 7. x T,,

Proof: Assume that m.and 7 are characteristic subgroups of 7. XT>, Then v ¢ e au(r, x7;) we have (7 <7, as well
as ¢(T:) € T>, Thus we get each element belongs to Aut(T, X T) sends elements of T:ito 71 as well as elements of
T, toT,, From previous result, the subgroup Aut(T.) x Aut(T;) S Aut(T, X T;) having those elements from Aut(T.xTy)
which maps elements from 7. to 71 and T to T=. Hence we get Aut(Ty) X Aut(T,) = Aut(Ty X Ty).

Now let assume that Aut(Ty) x Aut(T,) = Aut(T, X T;), as each automorphism of Aut(Ty) x Aut(T;) sends elements
of 7. to 7. as well as elements of 7: to 7.. Thus each automorphism belongs to 4u(r, x ) maps elements of Tize T, as

well as elements of 7: te ., means, ¢(T) €T, and §(T2) € T, ¥ § € Aut(T, X T,), Hence both 7. and Tz be characteristic in
Ty X Ty,

Proposition: If (=.s) = 1, then aut(z, x z,) = aut(z,) x Auz(z,).

Proof: Let (r.s) = 1, Assume that Z,=<e¢ > andz.=<4> | then Z, X Z, =<c¢>X<d > Now each automorphism of
Z.xZ, can be assumed where it maps ¢ and <. Any automorphism of this type must map ¢ to an element whose
order . Given that I<'d’ | is equal to em(|<'|.|#]). that is equal to r iff || =r & |a’| =1 as (Idl.7) =1, Hence, each
automorphism of Z. x z.must map ¢ to some power of <. In the same way all element of 4ut(Z, X Z.) must map < to

e=v(e)

some power ofd. Hence we get the automorphisms of Z.xZ. are of the form [m—w:n)) for veAut(z,)
and & € Aut(Z.), Thus we get Z. and Z- are characteristic in Z, % Z;, Hence Aut(Z, X Z.) = Aut(Z,) X Aut(Z,).

Proposition: Assume two finite groups T: and - such that (IT(LIT>1) = 1, then Aut(T, X T,) = Aut(T,) X Aut(T,).

Proof: Assume two finite groups 7. and 7= such that (IT.LI7:1) =1, As it is known that order of group is divisible by
order of each of its element. Therefore  (TWLIT.D =1 iff (gLl =1V, €T &, €T, |f
(ItylLlt,) =1Vt €T, &t, € T, We will prove that 7: as well as 7z both is characteristic in 7. x 7: by assuming the
order of elements belongs to T: X T=. Any automorphism from 4ut(T, X T,) must send every . € T: to an element that
has order equals to It:l: since ¥ t: € o, (It I,1) = 1, Therefore given any i € 7., every non-identity element t: €7
gives an element (ti.t.) €Ty X T, whose order # It11. In the same way, given any £ € Tz, every non-identity element
t, €T, gives an element (t..t:) €T, xT;whose order # It=I. Hence, for given t1 € Ty &t; € T each automorphism of
7. x T, gre of form (t.t2) = v(t)u(t:) for some v e 4wy and # € Aut(Ty). Hence we have Aut(T, X T,) £ Aut(T,) x Aut(T,).
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Lemma: Assume that 6:.62.65.6, the groups. Let v € hom(G;,6,), i € hom(6,,6,), and 6 € hom(6G,.4ut(G,)), Let
8: Gy 15 6, ~ G, ¥ G4 s a function which defined by 8(gs9.) = v(g3)r (g2) for every element g9z € Gz & g5 € Gy, then
6 is homomorphic iff €(g9.8:) = 6(g,.)0(g5) Vg3 € G3& g, € G,,

Proof: Let v €hom(GyG.), u € hom(G,,G,), & € hom(G,, Aut(G;)) and assume that € is homomorphic. Suppose
8(s,05) = 6(,)8(55) fOr any gs € 6 & 9. €6, then by using definition of € we get #(g2)v(gs) # 1(g2)v(gs) a contradiction.
Thus 6(g:9;) = 6(9,)6(g93) ¥ 9; € G; & g, € G,.

Now assume that €(g.9:) = €(9,)8(gs) ¥g: € Gz & g, € Go, We shall show that 8(rt) = 8(r)6(t) V7.t € G; 45 G,
Without loss of generality suppose that ™ = 939: & ¥ = 9395 where 93 93 € G; and g., g2 € G, Now we have

8(rt) = 8((9:9.) (g 92))
= 60(9:6(92) 92 9292)
=v(9:6(9:)(g5 ))u(g29:))
=v(g5)v(8(g.)(g5))r(g295)
=v{gy)v(8(g.) (g9 (a2 r(g5)
= v(g3)0(6(g.)(g3)9:)u(g2)
= v(g3)0(9:9:)1(92)
= v(g:)8(g,)0(gs)n(g2)
= v(ga)ulg)vlgzulgl)
=0 [Q’:—lgz )9(9’5 9’5)

= 8(r)8(s).
Hence proved.

Theorem: Assume that # € hom(T,,4ut(T,)). Suppose that im(x) is the subgroup of Z(4ut(T3)). the center of the
automorphism group of T2, in that case 4ut(T-) s the subgroup of Aut(T>, T.)).
Proof: Let# € hom(Ty,Aut(T,)) and im(4) — the subgroup of z(4uc(r.)). Letr: 4ur(7y) > 4ut(T, %, T,) be the function which

sends every v e4ut(ry) to the map {t:t: = v(t)t:} where t: € Tz and t. € Ti- Assume that v represents the im(v)
through T, then

7, (tts) = 7, (u(t)(t)t)
= v(u(ty) ()t
= .ﬂ(tl)("(t:))ti
= t,v(t,)
= 1, (t)mv(ty),
Which implies that every Tvbe the homomorphism. Furthermore, T is also a homomorphism
because 7 = %7 ¥ 2.8 € Aut(Ty). Thus 4ut(Ty) = im(7) that is subgroup of Aut(Tz >, Ty).

Theorem: Let 7 € hom(T,,Aut(T,)), |ft * « = © ¥ « € Aut(T,) then 4ut(T,) is subgroup of 4ut(T, 4, T,).

Proof: Suppose T © @ = T ¥ a € Aut(T,), and assume that 8 : Aut(Ty) — Aut(Ty. 7)) js a function which sends
a € Aut(Ty) to the map {t2t; = t2e(t))} where & €T» and t1 € T, Letting e represents the image of @ through 8, in
that case we get

Ba(t,t,) = Balz(t)(t)t)
= r(tl)(tf)a(tl)

= (7 ° a)(t)(t)alty)

= r[a(tlj)(t:]a(tl]

= a(t)t,

= B“(ti)ﬁa(t:)-
This provides that every 8« is a homomorphism. Furthermore, 8 is a homomorphism as
Buv = Bufv ¥V wv € Aut(T,).

Hence we have 4ut(Ty) = im(8), means, 4ut(T1) is subgroup of Aut(T; =, T,).

Theorem: Let &) =1, then £ is characteristic in Z» ", 2. v, T € hom(Z,, Aut(z,)).
Proof: Let (r.s) = 1 and for some € hom(Z., 4ut(Z,)) we assume

Z N Z, 2<s,,5,; 8571 =s55= ebs; =1(s;)(s,)5, >

Aslsil=r aswell as () = 1 hence we get order of sis3 is also . We expand (i) like that
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(sis)) = (si 3 )(sisg) -~ (sis])

(r— times)

CECICOREICEICONICH ECI R TCIRES
= (S0 (D) 60 - (67 )55

Now if (sis?)” = « then 2’ = e Hence, if an automorphism sends s: to 5152 then s divides Is”| that is a contradiction
because Is3’| divides s and

(rns) =1 Thus we get j=0o which implies for each automorphism v € 4ut(Z.>.Z) we have
v(s) = sis; = si Vs, € Z, that means, Z- is characteristic in Z, ». Z..

Theorem: Let 7§ € hom(T,,4ut(T;)). |f p ~ &then T2 X, Ty = Ty % Ty

Proof: Since every element in = >% T1 can be written as the product t:2t: for some t: €T-and t. € 7., The element
t;t; also belongs to 7> 7= so care must be taken while choosing the elements of 7= *% T1 and T: % T2, Suppose
that o~ ¢ and 7t €4ut(Ty) satisfyinge = ¢ ° 7. Define the function ¢ T2>%Ti— T Tdefined
by #(t2t1) = t;7(t1), Now for each 2t €Ty Tawe have st = (id(w)) = () = #(4:7'(). that is, ® is surjective.
Since order of ™: % T and T: ?: T2 is same. Therefore @ is also injective. Hence ¥ is bijection. Now by Lemma
457, we show % is homomorphism. Observe thate(t)= (¢ = ()= (t))ve €T so  we
have #(t.t2) = 2(p(t)(E)1) = § (1) (e)e(t) = E(r(e))(e)e(t) = (e, = 2E)P(R) VR €T, &4 €T Hence @ s isomorphism,
that iS, T, W, T, 2T, M Ty
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