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Abstract 

In this paper, we describe the automorphisms of various classes of finite groups. We introduce the concept of 

semi direct product on certain groups and use this concept to define the automorphism of certain finite groups. If 

the automorphism of direct product of two groups is a group then the automorphism groups of these two groups 

are disjoint.  as well as  is characteristic subgroup of . We 

compute the number of automorphisms of an abelian  group of order . 
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Introduction 

The first general structure result for the automorphism group of a finite group follows from a classical result of 

Gauss in number theory. Let  denotes the additive group of integers . There exist some finite groups that 

are isomorphic to their own automorphism groups, e.g. . The structure of  is often hard to compute. This 

paper will explore the orders and structures of automorphism groups for direct and semi direct products. 

 

Theorem: Suppose that an abelian group  be such that 

 
𝑮 ≅ 𝒁𝒑 × 𝒁𝒑 × … × 𝒁𝒑             

𝒔−𝒕𝒊𝒎𝒆𝒔

 

 
 

For prime and , then 

 

 𝑨𝒖𝒕   𝒁𝒑

𝒔

  =   𝒑𝒔 − 𝒑𝒋 .

𝒔

𝒋=𝟎

 

 
 

Proof: As 
𝐺 ≅ 𝑍𝑝 × 𝑍𝑝 × … × 𝑍𝑝           

𝑠−𝑡𝑖𝑚𝑒𝑠

 

, the following cases are: 

For , in that case , there are  elements which have order . Assume that  suppose  

defined as , where  in that case . Thus  

For  in that case , Let . Thus assume a homomorphism. In that 

case automorphism  as well as . To find  the number of 

pairs  so that  as well as  

 Contains  elements having Order . As  so that . So any automorphism sends  to that 

element of  which also has Order . And there are  elements in , whose order is . So there are 

 choices for image of  having an automorphism. Let , then we should find the number of element 

 having order  as well as .  

A  group is generated by every . But there are elements of order . 

Which implies that  elements of order  don’t belong to  and those elements also form a group  of 

order  whose intersection with is only unit element. Thus  

 

For  Suppose 

 

 

And assume that the set of generators  for  such that  

Except the identity element, the order of all elements is . To find , we should calculate the one-one 

mapping from generators of  to the groups generating by non-identity element and the intersection contains 

only identity element. Assume that  for any . Now there exists  elements  so that 

. Let assume that and  for some , hence there exists  elements  
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whose order is  so that . Now let  such that . Continuing like this, 

we find  like that  

 

 
 

Theorem: Suppose a group  , then the subgroups  where  identity of 

 
Proof: Assume that a map  defined by  for some , where  

that is defined by  Again we define a map  by  

where ). Then  and  are 1-1 homomorphisms and hence  where  

identity of  

 

Theorem: Suppose  be the direct product of  and , then there is a subgroup of  which is 

isomorphic to  having only those mapping from  that maps elements from  to 

 and  to . 

Proof: Let  and  then  Suppose  defined by 

. We shall show that  It is very easy to show that  is well 

defined as well as 1-1 homomorphism. Now for some  as both  and  are onto therefore we have 

. Therefore  Now define the map 

 by . For any  and  we have  

 

 

 

 

 

 

 
 

As this holds for  and . Thus  is 1-1 homomorphism. Hence is subgroup of 

 having those elements from  which maps elements from  to  and  to . 

 

Proposition:   as well as  is characteristic subgroup of . 

Proof: Assume that and  are characteristic subgroups of . Then  we have  as well 

as . Thus we get each element belongs to  sends elements of  as well as elements of 

. From previous result, the subgroup having those elements from  

which maps elements from  to  and  to . Hence we get   

Now let assume that  as each automorphism of  sends elements 

of  to  as well as elements of  to . Thus each automorphism belongs to  maps elements of  as 

well as elements of , means,  and . Hence both  and  be characteristic in 

. 

 

Proposition: If , then   

Proof: Let . Assume that  and  , then . Now each automorphism of 

 can be assumed where it maps  and . Any automorphism of this type must map  to an element whose 

order . Given that  is equal to  that is equal to , as . Hence, each 

automorphism of must map  to some power of . In the same way all element of  must map  to 

some power of . Hence we get the automorphisms of  are of the form  for  

and . Thus we get  and  are characteristic in . Hence  

 

Proposition: Assume two finite groups  and  such that , then  

Proof: Assume two finite groups  and  such that . As it is known that order of group is divisible by 

order of each of its element. Therefore  If 

. We will prove that  as well as  both is characteristic in  by assuming the 

order of elements belongs to . Any automorphism from must send every  to an element that 

has order equals to  since . Therefore given any , every non-identity element  

gives an element  whose order . In the same way, given any , every non-identity element 

 gives an element whose order . Hence, for given , each automorphism of 

 are of form  for some  and . Hence we have  
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Lemma: Assume that  the groups. Let   and . Let 

 is a function which defined by  for every element  then 

 is homomorphic .  

Proof: Let  and assume that  is homomorphic. Suppose 

for any  then by using definition of  we get  a contradiction. 

Thus   

Now assume that . We shall show that . 

Without loss of generality suppose that where . Now we have 

 

 

 

 

 

 

 

 

 

 

 

 
 

Hence proved. 

 

Theorem: Assume that  Suppose that  is the subgroup of  the center of the 

automorphism group of  , in that case  is the subgroup of  

Proof: Let  and  the subgroup of  Let  be the function which 

sends every  to the map  where  and  Assume that  represents the  

through , then 

 

 

 

 

 

 

Which implies that every be the homomorphism. Furthermore,  is also a homomorphism 

because  Thus  that is subgroup of  

 

Theorem: Let . If  then  is subgroup of  

 Proof: Suppose  and assume that  is a function which sends 

 to the map  where  and . Letting  represents the image of  through , in 

that case we get 

 

 

 

 

 

 

 
 

This provides that every  is a homomorphism. Furthermore,  is a homomorphism as 

 

 
 

Hence we have  means,  is subgroup of  

 

Theorem: Let , then  is characteristic in  

Proof: Let  and for some  we assume 

 

 
 

As , as well as  hence we get order of  is also . We expand  like that 
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Now if  then  Hence, if an automorphism sends  to  then  divides  that is a contradiction 

because  divides  and 

 Thus we get  which implies for each automorphism  we have 

, that means,  is characteristic in  

 

Theorem: Let  If  then   

Proof: Since every element in  can be written as the product  for some and . The element 

 also belongs to  so care must be taken while choosing the elements of  and . Suppose 

that  and  satisfying . Define the function defined 

by . Now for each we have  that is,  is surjective. 

Since order of  and  is same. Therefore  is also injective. Hence  is bijection. Now by Lemma 

4.5.7, we show  is homomorphism. Observe that , so we 

have 𝛷 𝑡1 𝛷 𝑡2   ∀ 𝑡2 ∈ 𝑇2 & 𝑡1 ∈ 𝑇1 . Hence  is isomorphism, 

that is,  
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