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Abstract

We consider only finite, simple and undirected graphs. For a graph G, its vertex and edge sets are denoted by V (G) and E (G)
respectively and further, |V (G)| and |E (G)| denote their cardinalities.

Definition 1.1. A bijection f: V (G)! {1, 2, 3, n} is said to be a prime labeling of a graph G with n vertices, if f (u) and f (v) are
relatively prime numbers (i.e., Ged (f (u), f (v)) = 1) whenever u are v are adjacent vertices of G.

Since the introduction of prime labeling about thirty five years ago, varieties of graphs have been studied for prime labeling. A
brief summary of the results regarding prime labeling and its variants is available in the dynamic survey of graph labeling
maintained by Gallian [3]. In this paper, we mainly investigate prime labeling for graphs which are union of C (k) n (defined
below).
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1. Introduction

We shall denote the cardinality of these sets by |v(G)l and |E(G)| respectively. We refer to Gross and Yellen [ ] for graph
theoretic terminology and notations and Burton [ ] for number theory results. We begin with the definition of prime labeling.
f:V(6) = {1,2,...,n} Is said to be a prime labeling of G, if for every pair of adjacent vertices ™ and v, ged(f(w), f(v)) = 1.

Prime labeling was originated by Entringer and was discussed in a paper by Taut et al. A brief summary on prime labeling and
its varients is available in the dynamic survey of graph labeling by Gallian ©1. In this paper, we find some new results related
to prime labeling.

We now give the organization of our paper.

Main Results

The independence number of a graph G is the maximum cardinality of an independent set of G. It is denoted set of G. It is
denoted byg,(6). Lemma 6.2. If 5 )~ [@J then G is not a prime graph (where |x] denotes the greatest integer not
exceeding x ).

It is proved in B! that the wheel graphw, = ¢, + &, is prime if and only if 72 is even. Also it is easy to prove that the cycle C,, is
prime for all 2. Here we prove the result for union of wheel graph and cycle graph.

Theorem 6.3 First we show that W, ., U C,,, ., is not a prime graph. Let G denote the graph
I"'||'F2:lz+l U Cfm +1 It may be verified that JBI}(M"E:: +1:] = nand JBI}[CEJH +1] = m.
Therefore,

By(G)=n+m )

Since [V(G)| = 2n+ 2m + 3,

-

{MJ =n+m+1. @)

So by (1) and (2),

[viE)l
Bo(6) < [
Therefore in view of Lemma 2.1, G is not a prime graph. Next we claim that if either G' = W,, UC,, ., OF
G' = W,, 4, UC,, then G' isnota prime graph. It is easy to see that 85 (G') = n + m and
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IV(G")|=2n+2m+ 2.50

P |
UVHL:"J =n+m+1
Therefore
ﬁ (Gr] < UV':G{HJ
o —.

Thus G’ is nota prime graph.

Finally we prove that W5 ,, U Ca,, is a prime graph. Let G’ denote the graph Ws,, U Cs,,,. Let the sets {17y, Vs, .o, Vi 24}
and {1V, 120 Vo 130 wes Vo 22m 21 + be the sets of vertices of W5, and Cs,,, respectively, where v is an apex vertex of
W,,,. Define : V(G") — {1,2,....2n + 2m + 1} as per the following two cases.

Case1:n =1 (med 3)

flvy) =1,

flv,))=i4+2i=23...2n+1,

f(vans2) = 2,

f(vyy43) = 3,

flv,))=ii=2n+4 2n+5,...2n+2m+1,

Case2:n = 1 (med 3)

flvy) =1,

fle)=i+1,i=23..2n+1,

f[v2::+2] = 2!

flv;))=ii=2n+3,2n+4,...2n+2m+ L.

The definition of f given in Case 1 and Case 2 above is illustrated in Figure 1 and Figure 2 respectively. Under the given
assumptions, it may be verified that f defines a prime labeling.

Note that B, + &, is prime if and only if either 72 is odd or 12 is 2[8]. The next result is about union of

B, + K, And cycle graph.

Theorem 6.3.1. (P, + K,) U C,,, Is a prime graph if and only if either 2 = 2, or 1 is odd and 1 is even.

Proof: First we show that (P, + K,) U C,,, is a prime graph.

Let {vy, v} {uy, s} and {wy, wy, ..., W, } be the sets of consecutive vertices of P, K, and C,,, respectively. Define
f:v((P,+K,)ucC,)—{1,2,..4}as

f[vlj =3,
f(uzj =5,
fluy)=2,
f(IL:] = 4,
f(wj_) = 1!

flw,)=i+4,i=2,3,..,m

It may be verified that f is a prime labeling on (P, + K,) U C,,,.

To prove that for n = 1 neither (P,,, + K,) U C,, 4 nor (P, + K,)U C,,
G= (P, +K,)UCys AdG = (P, + K,)UC,,,.

Since for m = 1, B,(P,,, + K,) = nand Bo(Csypns1) = By(Csa,) = m, we have

. isaprime graph, we let

B,(G) = By(G) =n+m. (3)

Also,
IV(G)| = 2n 4+ 2m + 2. Therefore

lvicl vl

22 - 22 =

43
Then by (3) and (4),
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Bo(6) = By(6') < {Iv.::G}IJ _ VVEGHJ'

Therefore in view of Lemma 2.1, neither G nor & is a prime graph.
Now we claim that (P, .y + K,)UC,, 5, is not a prime graph. Let G"' = (P,, ., + K;)U C,,, +,. Note that

P
By(G)=n+mand vie )

Finally we prove that G* = (P, ., + K,) U C,, isaprime graph for all 12 and 1. Let {vy, ¥y, oo, Vg 51 1

fu s} and {wy, w,, ..., Wy, } be the sets of consecutive vertices of Pyoi1t f?: and Cs,,, +4 respectively. Now due to
. . 2n+3

Bertrand’s postulate, there exists a prime number P lying strictly between ”ﬂ and 2n + 3.

Define f: V(G*) = {1,2, ...,2n 4+ 2m + 3}, using this number p as per the following two cases.
Case 1: n T 0 (mod 3)

‘. So G is not a prime graph.

f(ul] =1,

f(”f:j =B

f[vz‘]:}?_!'; i=12,..,.p—4,
flw)=2n+p—i+2, i=p—-3p—2..2n+1,
f(Wl) = 2,

f[W:] =3,

flw)=i+2n+3,i=3,4,..2m.

Case2: n = 0 (mod 3)

fluy) =1,

f(”’f) =

f[vi] =P —Li= Lzr---rp_ 3,

flv.)=2n+p—i+2i=p—-2p—1,..2n+1,

flwy) =2,

flw)=i+2n+3,i=2.73,..2m.

It may be verified that f is a prime labeling of G.

The graph ('.';;k} (where k& = 1} is the one point union of k copies of cycle C,, and it is obtained from the k copies of cycle
C,, by identifying one vertex from each of these k copies of C,,

It is quite obvious that the graph C:;k:' is prime but there are some interesting results about prime labeling of union of such
graphs which we studied in [9]. Here we derive a result about union of ('.',E:} and the cycle graph C,,.

Theorem 6.3.2: ('.',E:} LUC,,, is a prime graph if and only if at-least one of 12 and 17 is even.

Proof: First we show that C;.:ELU Cy,e1 is a prime graph. Let & denote the graph C;.:ELU Cs,pe 1+ It may be verified that

(z)
,E-‘D(C:”_H) = 2nand §,(C,,,.,) = m.
Therefore
B,(G)=2n+m. (5)

Since [V(G)| = 4n+ 2m + 2,

{Ivcs}l

-

J=2n-|—m-|— 1. (6)

So by (5) and (8),
(vl

Bo(G) < [—J

Therefore by Lemma 2.1, G is not a prime graph.
Now we prove that C;.‘;} UC,, is a prime graph.

-

Let {17, ¥, coos Vo b and {7y, Vappsqs s Vay— 1+ be the sets of consecutive vertices of two cycles of C;.‘;} and, let
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(Vs Vans1s - Van £m—1} be set of consecutive vertices of C,,,-

Define f: V(C;EUCFHJ = {12,..4n+m—1}as

flv,)=2n+1, i=23.2nqdn+1,4n+2,. . 4n+m—1,
flrv) )=i+1li=2n+1,2n+2, .. . 4n—-1,

f[ﬁ;,,] =1

It is easy to verify that f is a prime labeling of C;.‘i} UC,,,. finally we prove that

C;.:ELUC:,H. is a prime graph. Let {vy, ¥z, s U 41} and {¥4, Vo s00 Vot 3 s Vans1 J be the sets of consecutive
vertices of two cycles of C;ﬂl and, let

{Vap a2 Vapags -os Vs 22m+1 § bE set of consecutive vertices of Cs,y, -

Define f: V(C;ﬂl UC:m) —={1,2,...4n+2m+ 1}as

f(u]_) =1,
flv,)=i+2mi=23 .. 4n+1,

flv,)=i—4ni=4n+2,4n+3,...4n+2m+ L
46

It may be verified that f is a prime labeling of C;i uc,,,.
For m = 2, the (m, 1)-gon star denoted by S ;‘!m}J is the graph obtained from the cycle C,; and 1 copies of the path P,,,_-

by joining the two end vertices of a path F,,,_- to each pair of consecutive vertices of the cycle such that each of the end
vertices of the path is adjacent to exactly one vertex of the cycle. It has total K n(m-1) vertices and 1112 edges as can be seen in

the graph 5;4} in Figure 3

In [8] it has been show that Sim} is a prime graph for all 12 and 172. Here we derive results for union of two {172, 12 )-gon stars.
Theorem 6.3.4: Sim} L.l.‘i;;“:'.:I is not a prime graph if 112, j are even and 1, k are odd.

Proof: Let G = SJEm} USEI}. Since 7 is odd and ™ is even, the independence numbers of the cycle C,, and the path P,,,_-

n—1 m—2
are —— and

respectively. So the number of elements in any independent set of 5:‘!?”} is at most

-1 B { _—1} -1 . . . . . 0. (- 1)k~
(”T + n) = % Similarly the cardinality of any independent set S,f} is at most % Therefore

nlm—=1)+kij-1)

Bo(6) < HmRUSY Q

S ®)

Also, VUIGHJ _ :'z':m—l}+kl:_;l'—1}.

By (7) and (8),
)= |22

Thus & isnota pri}me grap}h.

Theorem 6.3.6. 5;‘:”2' l.,l.':-";{":'ﬂ:I is a prime graph for all 12, 11 and k.

Proof: Let G denote the graph S:‘zm} U.‘:F,'{‘:m:I Let {tiy,Ua, ) Uqy Fand {¥y, ¥, ..., Uy } be the sets of consecutive vertices

of the cycle C,,, and C}, respectively. Alsofor 1 < i < Znand 1 < j < k, let

{uiq: 1<i<g=2m—2}andV/:1 <r < 2m — 2 be the sets of consecutive vertices of the vertices of the paths

P in 5'::”1:'and SI:ZFH}res ivel h that th i T 7 and v? dj h i
m—2 o N pectively, such that the vertices 1y, u5,, ., v; and v, _ . are adjacent to the vertices

U, U;sq, vy and v, respectively. Define f: V(G) — {1,2,....(2m — 1)(2n+ k)} as

flu)=(G—-1)(2m—-1)+2,i=1,2,..2n,

f[:u‘q) =(i—1)(2m—1)+qg+2,i=1,2,..2n,

47

g=12,...2m—2,
flv) =1,
f[u}.) =(2n+j-1)2m—-1)+1,j=2,3,...k
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frl)=(@n+j-1D@m-1)+r+1,j=12..k

r=1,2,..,2m— 2,

The definition of f is illustrate in Figure 4.

Observe that

ged(F (u:), f (1y2y)) = ged((i — 1)(2m— 1) + 2, (i(2m — 1) + 2)

=ged((i —1)(2m—1)+2,2m—1)

= gcd(2,2m — 1)

=1.

gcd (f[u}-),f[uj,rl)} =ged((2n+j—-1)(2m—-1)+1,(2n+)(2m—-1)+1)

= gcd[(zn +i—1)(2m—-1)+1,2m— 1)

= gcd(1,2m — 1)

=1.

gcd[f[:r,l],f[u,guj) =gcd(2,(2n—1)(2m—1) +2)

=1.

gcd[f[:r,l],f[u%i;_:]) =ged(2,(2n—1)(2m—-1)+ 2m—2 4+ 2)

= ged(2, (2n— 1)(2m—1) + 2m)

=1.

Thus f is a prime labeling on G.

The helm H, is the graph obtained from a wheel by attaching a pendent edge at each at each vertex of the cycle C,,. The book
graph B,, is the graph 5,, X P,, where 5, is the star graph with 12 + 1 vertices. Each of the graphs H,, and E,, is prime for
all 1, which is proved in [10] and [8] respectively. Our next result is about union of helm and book graph.

Theorem 6.3.7: H,,lUB,_ is a prime graph for all 12 and 7.

Proof: Let G denote the graph H,,|JB,,,. Let 11 be a apex vertex of H,,.. Let {1¢;,1, ..., 1t } be set of vertices of cycle C,

in H,, and let {1, 1%, ..., 1t} } be set of pendant vertices of H,,
49

Such that 1¢; and 2’ are adjacent. Also let {[ui, w}-}: 0 <i=<m, j=1,2} besetof vertices of B,, = 5,,, ¥ P, where
{vo, vy, e, ¥ }and

{w,, W } be sets of vertices of 5,,, and P in which 7 is a center vertex. Now there exists a prime number {2 lying strictly
2n+3

between and 21 + 3 which exist due to Bertrand’s postulate.
We define f:V(G) = {1,2,....2n + 2m + 3} as
flup) = p,
, p—5
fe)=p—2ii =125
, p-5
f)=p—2i+1, = L2705
. _p-5
f(u_ij = 4’1 —:_+ 1,
., __ p—b
fwp=3:t=7+1L
p—5

, -5 ,
flu)=p+2(n—i)+21 =pT+3z i=—+3,...n,

fw)=p+2(n—i)+1,! ZPT5+ 2, _pT5+3r-“r”r

flyg,wy) =1,

f(uﬂlrwjj = 2;

flvow,)=2i4+2n4+2,i=1,2,...,m,

flv,w,)=2i4+2n43,i=1,2,..,m,

It may be verified that f is a prime labeling on G. The definition of f is illustrated in Figure 5.

For a positive integer 7t = 3 and a subset § € {1, 2,... 1}, the circulant graph Circ{1, 5) is the graph with vertex set
{vy, v, .., v, } and an edge between vertices v; and v; if and

only if i — j| € SU{1,n — 1}. Here we prove some results about circulant graph Circ(m, {k}), for 1 < k < =. For

simplicity we shall write Circ(7, {k}) as Circ(m, k).
Theorem 6.3.8: Circ(1, k)is not a prime graph in each of the following cases:
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1. 1 and k both are even
2. Tisodd

Proof: Case (i) 1 and kboth are even.
In this case B, (C,) = = for the cycle C,, of Circ(m, k).

Therefore since kis even, we have

By [Circ(n, kj) < fy(C,) = ;_! = [lw:ﬁr:(mk}le

So Circ(1, k) is not a prime graph
Case (ii) 1 is odd.

-1
Here 5,(C,) = ”? for the cycle C,, of Circ(1, k). Let f be a prime labeling of Circ(7, k) and let {v';, Vs, ..., U, } be a
. +1
set of consecutive vertices of Circ(7t, k). Without loss of generality suppose f(v;_4) is odd, for = 1,2, ...,— and
. +1 o . . §
fvay;)iseven, fori = 1,2, .. ,”T. But if 72 is odd then 7, is adjacent to at least one vertex with even label for any value

of k. this is not possible. So Circ( 1, k) is not a prime graph when 11 is odd.

Theorem 6.3.9: Let 1 denote a prime number. Then Circ( 2p, ) is a prime graph if and only if p = 2, 3.
Proof: We first show that Circ(2p, p) where p # 2, 3 is a prime graph. Let G = Circ(2p,p) and let {v,, Vs, ..., u:p}
be a set of consecutive vertices of Circ( 2p, p)-

Case 1: p = 1(mod 3).

Define [1V(6) = {1, 2, ... 2p} o

f[vi] = iri —.o“'—'}.'-',p—z,

f[”p—:) =D

f[:up} =p—2.

We claim that ged (£ (), £(¥7) ) = 1 for any two adjacent vertices t and v.

Ifi # p,2p, p — Zthen since P is a prime,

ged [f(uij’f(qu)) = ged(i,i +p) = ged(i, p) = 1. Alsousing p = 1(mod 3) we observe that
ged (f[”ﬂ-ﬂ)’f[”u—zn = ged(p —3,p) = ged(p,3) = 1,

ged [f[up'l'l)’f[up)) =ged(p+ 1Lp—2)

=gecd(3,p — 2)

= gcd(3,2)

=1.

Using the fact that 2 is odd we get

ged (f[ufp)’f[up)) = ged(2p,p — 2) = ged(4,p —2) = 1,
ged (f[ufu-f)’f(”p—:)) =ged(2p— 2,p) = ged(2,p) =1

Case 2: p = 2(mod 3).

Define g: V(G) = {1,2, ....2p} as

glv)=f(v)izp—-2 pp+2

9(v,2)=p—2,

g(_vp +2) =B

g[vp) =p+2

The detailed verification that & is a prime labeling is almost similar to Case 1.

Now we show that Circ(2p, p) is not prime when p = 2, 3.

Note that if p = 2 then by Theorem 2.7, Circ(zp, p) is not a prime graph. Also when p = 3, Circ(2p, ) is 3-regular graph
and since 6 is relatively prime to only two numbers from 1 to 6, Circ( 6,3 cannot be a prime graph.

In view of Theorem 2.8, we have complete information about the primality of Circ( 2, 12) when 11 is a prime number.
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However, if 7t is an odd integer which is not a prime, then we do not have any general result about the primality of
Circ(2m, 1), Along this line, so far we have been able to find prime labeling of Circ(18,9) and Circ(30,15) only, which
are given in Figure 6 and Figure 7 respectively. At present it seems difficult to find a general formula for the prime labeling of
Cirrc(2n, ), where 1 an arbitrary odd integer is different from a prime number.

In view of Theorem 2.7, Theorem 2.8, and the positive result of Circ(18,9) and Circ( 30, 15), we can make the following
statement in the form of corollary.
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