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Abstract

In this paper, we have introduced a new method of entropy measure of an interval-valued intuitionistic fuzzy set (IVIFS)
which is defined as membership and non-membership interval valued of IVIFS with the extension form of Deluca-Termini
axioms for fuzzy entropy. The relationship between the existing information measure of IVIFSs, and the entropy proposed.
Including that we have discussed some more examples by using the application of the decision-making, clustering analysis are
proposed entropy of an interval-valued intuitionistic fuzzy set IVIFS.
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Introduction

Since the fuzzy set (FS) was introduced by Zadeh B4, various approaches and theories treating imprecision and uncertainty
have been proposed [ %71, Out of many higher-order fuzzy sets, intuitionistic fuzzy set (IFS) proposed by Atanassov ¢ and
interval-valued fuzzy set (IvFS) developed by Zadeh 321 are two main and primary extensions of the conventional fuzzy set
theory, both of which alleviate some disadvantages of Zadeh’s fuzzy set and have been found to be very highly useful to deal
with vagueness. An IVFS is proposed to specify an interval-valued degree of membership to each element of the world, and an
intuitionistic fuzzy set assigned both a membership p and a non-membership v to each element of the world such that 0< u+v
<I. The concept of vague set introduced by Gau 1% is another extension of the ordinary fuzzy set, which has been proved to be
equivalent to IFS . The theories of both IFS and IVFS have attained great success in various areas such as approximate
reasoning and decision-making. In 1989, Atanassov [ further generalized the IFS theory and established the notion of an
interval-valued intuitionistic fuzzy set (IvIFS) by combining IFS concept with IVFS concept, which is identified by a
membership function and a non-membership function where the value of intervals are rather than its real numbers. An IVIFS
can also be described by a membership interval, a non-membership interval and a hesitance interval. Thus, the interval-valued
intuitionistic fuzzy set has the virtue of complementing fuzzy set and IFS, which is more flexible and practical than FS and IFS
in coping with fuzziness and uncertainty. And IVIFS provides a more reasonable mathematical framework to deal with
imprecise facts or imperfect information. After the pioneering work of Atanassov [, the IVIFS has received much attention in
the literature. For example, Atanassov @ presented some operations of IvIFSs and studied their basic properties. Some scholars
111, 28] systematically investigated the correlation coefficients of IvIFSs. Mondal 1 explained the topological properties and the
various types of topological spaces of IvIFSs. Deschrijver [l also established the relationships among IVIFS, IFS and L-fuzzy
set. In 281 Xu defined a variety of distance measures and similarity measures of IvIFs for IVIF decision-making. Xu ¥ also
investigated the clustering technique IVIFS. Yue 2! and Park 18 respectively introduced some geometric aggregation
operations for multiple-attribute decision-making with IVIFSs. In addition, Xu % and Wei 2°l proposed some approaches for
dealing with IvIF information and IVIF group decision. Wang 2 presented an approach to Multicriteria IvIF decision-making
with incomplete weight information. Wei 24 also introduced the grey relational analysis method for IvIF multi-attribute
decision-making. One can easily see that IVIFS has recently been playing a significant role in many deployed systems because
of its strong capability to model mathematical imprecision. Entropy as a measure of fuzziness was first mentioned by Zadeh
[331, The name of entropy was chosen due to an intrinsic similarity of the equation to the one in Shannon entropy form, but they
are different in types of uncertainty. The Shannon entropy measures the average uncertainty in bits associated with the
prediction of outcomes in a random experiment, but the entropy of fuzzy set describes the degree of fuzziness in the fuzzy set.
Fuzzy entropy function gives a global measure of the indefiniteness of the situation of interest which may be regarded as an
average amount of intrinsic information that is lost when going from a classical pattern to the fuzzy pattern. In 1968 3, Zadeh
first introduced the entropy of a fuzzy event. Later, Deluca and Termini [/ produced some axioms to explain the fuzziness
degree of fuzzy set, with which a fuzzy entropy based on Shannon’s function was proposed. After that, some of the researchers
have studied the fuzzy entropy in many ways. By utilizing a distance measure that describes the difference between FSs,
Kaufmann 231 Yager B% and Liu I defined some fuzzy entropy formulae for the fuzzy set. Shang 2 in 1997 introduced
another fuzziness measure. In 2 Kosko presented his fuzzy mutual entropy. Fan P! and Bhandari ! proposed some new fuzzy
entropy formulae for fuzzy sets. For the information measure of intuitionistic fuzzy set, Szmidt ¥ proposed an entropy for
an intuitionistic fuzzy set by employing a geometric interpretation of IFS. And Vlachos 2 studied the intuitionistic fuzzy
information entropy and its application to pattern recognition. For an interval-valued fuzzy set, Burillo and Bustince ™
presented entropy on interval-valued fuzzy sets and intuitionistic fuzzy sets. And Zeng %! investigated the relationship
between entropy and similarity measure of IvFSs from a different point of view. Moreover, the entropy of the vague set has
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been studied in the literature (6 40. 34 €1 Although some distance measures, similarity measures and correlation measures
of IVIFSs have been presented in [1% 1. 28 28] recently, there is a little investigation on the information measures of IVIFS. As we
know, the characterization of uncertainty and qualification of fuzziness for IVIFS are important issues that affect the
management of uncertainty information in most real-world system models involving imperfect information with interval-
valued intuitionistic fuzzy values. Thus, it impels us to study some useful information entropy measures of IVIFS for the useful
applications in many real-life situations such as, cluster analysis, image segment. In this paper, we first propose the axiomatic
definition of information entropy for IVIFS, based on which a new information entropy measure of IVIFS is put forward. We
then compare it with some other existing entropy formulae of IvIFS. Some relationships among the introduced information
measures of IVIFSs are also discussed. Finally, the applications of the proposed entropy of IVIFS decision-making problems
are illustrated through some numerical examples.

Preliminaries
Definition 1: [4] Let [as, ba], [a2, b2] € [0, 1], we define

[a1, ba] = [az, ba), iff a1 = a, bs :—ibz;
[a1, ba] = [a2, b2], iff a1 = az, blzbz;
[a1, b1l = [az, by, iff a1 = az, b1 =hy;

Definition 2: [1] An interval-valued intuitionistic fuzzy set a in the finite universe X is expressed by the form

A = {<xi, Ma (x)), N (x)>] xi X3,

Where Ma(x) = [Maz (x;), Mav (x;)] € [0,1] is called membership interval of element x; to IVIFS A, while ¥ (x;) = [Maz(x),
Ny (x))] € [0,1] is called non- membership interval of that element to the set, and condition 0= My (xi) + N(xi) = 1 must hold
for any x; €X.

A point x;is said to be crossover point of IVIFS A, if Ma (x;) = Na(xy).

An IVIFS A is viewed as a most vague IVIFS, also denoted by Ag, if M, xi) = *""r.:t(xi) for all x; EX.

Definition 3:

Let IVIF(X) denote the family of all the IVIFSs in universe X, assume A, B € IVIF(X), then some operations can be defined
as follows:

AY B = {ox, [Max () Va2 (), Mawr () vMaw ()], [Nz () AN ), Maw () 1 Naw ()] xi EX:
AN B = L, [Max () nMaz (), Mawr () e ()], [N () v Vi), Mo () v N ()11 x =X

Where v, A stand for max and min operators, respectively.

A= {<x, Naz(x), Naw ()], [Maz (), Meo ()] EX3;
ASB, iff [MAL (xi), Myy (x)] < [MBL (%), Mgy (xi)] and [NA.L(xi), Ny (xi)] > [NBL(Xi), Ny ()] ¥ xi EX.
A=B, iff [Maz (x), Maw ()] = [Maz (x)), Mav (x)] and [Naz (x), Moo (x0)] = [Vaz (x), Vav ()] xi =X

Similar to the works of szmidit 31 and zeng %], we extend Deluca-Termini axioms [l of fuzzy entropy to introduce the
entropy concept of IVIFS.

Definition 4
For A% IVIF(X), X = {X1, X2....., Xn}, an information measure to indicate the fuzziness degree of A is given by

H(A) _ i ']‘1 MAL{xl'-:]"" NAL{xl'-:]"' MAU{xl'-:] A NAU{xE-:]
n =1 MAL':J?C;':] W NAL':-"CE:]'F MAU{JCE':] W NAU{XE':]

o))

Where v, A stand for maximum and minimum operators, respectively.
Especially, when [Maz (x;), Mav (x))] = [0,0], [Vaz (xi), Mav (x)] = [0,0] ¥ xi EX, we can put H(A) = 1.

Definition 5
A real function E: IVIF(X) — [0,1] is named an entropy on IVIFSs, if E satisfies all the following properties:
(P1) E(A) = 0if Alis a crip set:
(P,) E(A) = 1iff  Ma(x;) = NMa(x;) ¥ x EX;
(Ps) E(A) = E(B) if A is less fuzzy than B, which is defined as
Ma () = Ma(x), Maxi) = N xi), for Mz (x) = Na(x);

65



International Journal of Advanced Research and Development

M, (x) = MB(Xi), Nﬂ(xi) = N(Xi), for Mz (x) = NB(Xi);
Ma () = M (x), Na ) = (x), for Mz () = M ();
M (xi) = Ma (), Na o) = (), for Mz () = Nz (x);
(P2) E (A) = E(A).

Theorem 1

The above-defined information measure H (A) for IVIFS is an entropy of IVIFS A, i.e., it satisfies all the properties in

definition 5.

Proof

(P1): If Ais a crisp set, i.e., A & P(X), then for each x;€ X, we have
[Maz (), Mav (x0)] = [1, 1], [Naz o), Yav (x)] = [0, 0O];
Or
[Maz (), Mav (x)] = [0, 0], [Naz (), Naw (x0)] = [1, 1];
So,
_ l \ My, Ceda Ny Grid + My Gegd A Ny ()
A= ﬂz My Crd v Ny () + My () v Ny ()

i=1

(P2): If Ma (xi) = Na(x)), ¥ xE X;
ie. M, (X)) = NM(Xi)’MAU (x) = Ny (X)), ¥ %€ X;
Then
My (X)) A NA.L(xi) + Myy (xi) A Ny (xi) = My, xi) Vv NA.L(xi) + Mgy X Vv Nyy (xi)
So, H(A) = 1.
On the other hand, if H(A) = 1, then for each x;= X, we know

Maz () A Nz () = Maz () v Nz (),
Maw (xi) A Naw (x;) = Mav (xi) v Naw (x;).

Hence,
Mz (xi) = Naw (xi), Mav (xi) =Nawv (x;) for any x€ X.
It means that M (x;) = Na(x), ¥ x€ X.

(P3): To prove it, we need to separate X into four parts as follows:

X = % X Mz () = Na(x)}, Xo = £ X| M5 (x) = Vo),

Xa = {x% X| M5 () 2Nz ()}, Xa = {6 X| M2 () = 5.},
Suppose Bis a sharpened version of A.

If xi€ Xq, then Ma (x)) = Mz (x;), Na(x;) = Na(x;) for Mz (x;) = Na(xi);
ie.,

Maz () = Moz () = Naw () = Naz ),

May (%) = Maw (x;) = Nav(x;) = Nav(x).

So, we have,

MAL{XE] M NAL{JCE']‘l‘MAUl:If] A Nﬂutl’f] _ MA;_I':xf]+MAU(xE'] = MBL {xi-]'l'MBU{xf]

MAL{xE] W NAL{xE']"'MAU{xE'] W Nﬂutxf] NAL{JCE']+NAU|:X§] - Npr {xi]+NBU|:xf]

Mg () n Ngg () + Mgy () a Ny (x;)

Mgy Ged v N () 4 May () v Ny ()

If i€ Xa, then Ma (x)) = Mz (x;), Na(x)= Nz (x;) for Mz (x;) = Nz (x;):
i.e.,

Maz (x)) = Maz(x) = Naz(x) = Naz (),

Maw (xi) = Mau (x) = Nau(x) = Naw(x).
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So, we also have

Mg, Cep) w N ap, Ged+ Magy () Ny (x;) _ Mg (204N 477 () - Mgy, (x;)+ Nggy ()
MAL{IE] W NAL{xE-]'l'MAU {xf] W NAU {xi] NAL {If]‘l‘MAUI:Xf] - NB.L {?Cf]'FMBUl:If]

Mgy (xi) a Ngy (i) + Mgy (x) n Nap (x)
Mz Ued v Nz o) 4 May () v Ny ()

If %€ X, then Ma (x)) = Mz (x;), Na(xi)= Nz (x;) for Mz (x;) = Nz (x,);

Similarly, we can prove that the above inequality holds for all x;€ X, ;€ X, respectively.
By considering the four cases simultaneously, summing the two sides of the four
inequalities and dividing both sides by n, respectively, we immediately obtain that

n m

1 Z My, {x[]n NM{x[] + My {xl] n Ny (x) 1 Z Mg, {x[].ﬂ. NEL{x[] + Mgy {xl:] aNgy(xi)

.:: —
My Ged v Nyp Grd + My e d v Ny ()~ m — Mgy Ceid v Ny Ged + Mgy Grid v Nayp (x7)

; i=1
i.e., H(A) = H(B).
(P2): Since A% (xi) = < [Naz (x)), Mav (x)], [Maz (x)), Mav (x))]>, ¥ xi € X, we have
— O Mey () Naeg () + Maey () 8 Naeg (x9)
H{A ] - Z;HA:L(I[] W ;MA:L{_T[] + ‘HA=U {xl:] W NA:U{x[]

n 4
=1

;!

1 Z Ny Cedn My, (e )+ Ny () a My, (x0)
NH_L(x[:] W "HH.L [xl] + ;ﬁirALr {Xl] W ‘HAU {x[]

n i=1
=H (A).
From the entropy formula (1) of IVIFS, we note that the nearer is M, (xi) to *“"rﬂ(xi), ¥ xi € X, the greater is the entropy H (A),
and when Ma () = *""'ﬂ(xi), ¥ xi € X, the entropy H(A) = 1, reaching a maximum entropy.
Also, one can see that IVIFS A becomes vague se (or IFS), then this information entropy is reduced to the vague entropy as
defined I 5%, Moreover, the proposed entropy H(A) of IVIFS, just like fuzzy entropy measure, has other important properties
such as the following theorem 2.

Theorem 2

Let A, B be two IVIFS in universe X = {X1, Xa,...., Xn} and if they satisfy that for any x; & X, either A(xi) € B(xi) or B(x;) €
A(Xi), then we can get

H (A) + H(B) =HA M B) + HA Y B).

Proof

First, we can subdivide X into two parts X; and X..

X1={xi| A(xi) € B(x))} and Xz = {xi| A(x;) 2 B(xi)}.

so, for all x; € Xy, we know
[Maz (x3), Mav (xi)] = [Maz (), Mav (x0)]; [Naz ), Naw ()] = [Nz (x), Vav ().
MM(Xi) = MBL(Xi), Myy (x) = Mgy, (X);
NM(Xi) = NBL(Xi)' Nap (x) = NBLr(xi).

And for all x; € X, we know
[Maz (xi), Maw (x)] Z[Msz (x)), Mav (x)]; [Nz (xi), Nav (x)] = [Va2(xi), Nav (x)].
ie.,
Mﬂ(xi) = MBL(Xi), My (x) = Mz (xD);
NM(Xi) = NBL(Xi), Nyp (x) = NBU(Xi)_

Therefore, we obtain that

|

H(ANB) = lz M[Ar-.ﬁ';.L':I[]H Nr_ﬂnﬂ’_‘ui,{-'f[] + Mr_ﬂnﬁju[x[] M Nr_ﬂnﬁ'_wr.r(x[]
;’I-fr_,anjL{x[] W P'lr[_,q_nﬂ'ji,{x[] + *H[Anﬂ‘ju[x[] W *n"r[AnBjL?{x[]

n&
i=1
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1 z My G dalNgy (e + My U Iy () 1 Z Mg, (x JalNgy Geg) + Mg Cacp dnlNgy ()
My el () + My (e JwlNap () " m Mg, (x N, (o)) + Mgy (o JulNg, (x;)

n
X{EX) XiEX;

n
H(AUB) = —Z Miaumn (5dn Noaume () + Miausy (80 & Noaumu (1)
ML 1M[ﬂquL{x[] W ‘M[HU.E':IL{’T[] + ‘H[HU.E’:IU {xL] W *M[HUFJU{J:[]

i=1

1 Z Mgy (i) alg Uxp) + Mgy (x)alNgzy (x;) N 1 Z My GepdalNg (x) + My (x )Ny (1)
Mgy CepviNgy (o) + May (x)vNay (1) My, CedvlNgy (xg) + My (o )vNap (%)

“n
XEX; XEXD
So, HA M B) + HA Y B)

1 My e dalNg () + My (x)nNgp (x;) 1 Mgy x)aNg Uxgd + Mgy (x )Ny (x;)
My, CedvlNgg (xpd + Myy (x vy (%)~ n My CevNg, Ced + My (x)vlNgy ()

XpEX; uX; =X XEX) ul; =X

= H(A) + H(B)

From the defined entropy from H(A) of IVIFS A we can see that H(A) indicates the average degree of uncertainty or fuzziness
of the element in IVIFS A. Moreover, this entropy H(A) can be assumed as giving a measure of the fuzziness of IVIF event A
and can also be viewed as a measure of the average amount of information which is lost going from the classical pattern to the

interval-valued intuitionistic fuzzy pattern A.
In fact, there are many other entropy formulae for IVIFS that can satisfy the axiomatic Definition 5.

Example 1

L () = 1~ (2 S, (Mg ) — Ny Grl? + M Cx) — N GP)

iy (Mg, G N g Gop)+ M gy (e AN g1 (o))

E, (A) = Ei-:il.r_MAL {xf:]'“'NAL {xi]+MAU{xf]uNAU{x§]]

As stated in [41], a good entropy measure E (A) of fuzzy set A should posses a desirable property:
1 n
EW) =~ E(4)
i=1

which indicates that the average amount of the entropies of the separate element A; of a fuzzy set a should be equal to the
entropy of fuzzy set A; where n is the cardinality of the finite universe X, A; denotes the single-element FS corresponding to
the i element of universe and is described as

Ai = {< xi, Ha(x)>}, 1=1.2,..n.

So, we had better define the entropy from of IVIFS that also satisfies the evaluation property:
1 mn
EG) == z EC4;)
=1

Where Ai = {< xi, [Maz (x;), Mav (x)], [Vaz (x)), Mav (x)]>}, i = 1,2,...,n; n is the cardinality of universe X.
Obviously, therefore mentioned entropy forms E1(A), Ex(A) violate the desirable property, but our proposed entropy form
H(A) satisfies the property

1 n
EG) =~ Zl EC4,)

Hence, the proposed new entropy H (A) of IVIFS is well defined.
In addition, Liu 2 proposed another entropy of IVIFS in different way as
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(A M{A AAC] EF=1I:: _NALI:II::I v MALI:I[j—N‘qL.Il:I[j L M‘QL,I':I[):I
o e . - . .
M(A VAC:] EF=1|:: —NapCx) o Mg (=W xgd n Mgp (p 03

Unfortunately, it also violates the desirable condition,
i.e.,

n

o(4) = % Y ota

i=1

Moreover, the computation of 7(A) is more complex than our proposed new entropy H(A). Therefore, the presented entropy H
(A) of IVIFS, which fulfills the desirable property, is a better one. It is reasonable to choose H(A) as a proper entropy formula
of IVIFS A.

In the following, we discuss some implications and relationships between the entropy of IVIFS and its related concepts.

Proposition 1
If IVIFS A become a vague set (or IFS), then H(A) reduces to a vague entropy as defined in 4.

Proposition 2
If IVIFS A degenerates to an ordinary fuzzy set, A = F(X), then H(A) reduces to a fuzzy entropy defined by Shang in 2%,

Proof
The above propositions are straightforward.

Definition 6

A real function S: IVIF(X) x IVIF(X) = [0, 1] is named as a similarity measure of IVIFSs on universe X, if it satisfies
properties:

(S1) S (A, A% = 0if Aiis crisp set, YA € P(X);

(S2)S(A,B)=1iff A=B;

(Ss) S(A,B)=S (B, A);

(S))S(A,C) =S (A, B)AS(BA) IfASBSCorA=ZB=C.

Remark
The similarity measure of interval-valued fuzzy set (IVFS) should also fulfil the above-mentioned properties (S1) - (Sa).

Proposition 3
Assume S is a similarity measure of IVIFSs, let A & IVIF(X), then S(A,A°) is an entropy E(A) of IVIFS A.

Proof
We only need to prove that all the properties in Definition 5 hold

(P1): If A'is a crisp set, and due to property (S1) in the similarity measure Definition 6.
we have, E(A) = S(A,A°) = 0.
(P2): Known by the definition of S, for all x;€ X.
S(AAY) =1
= A=A
= My (xi) = Nﬂ(xi)' ¥ EX.
=}MA:(Xi) - NA(Xi) = MA(Xi).
Or
= NA:(Xi) - NA(Xi) = MA(Xi).
© E (A) =S(AA%) =1,

By (S2) in the Definition 6 of similarity measure.
(Ps): If B is a sharpened version of A, we have

ﬂ{q (XI) E J.?H-B (Xl)a FHTA(XI) 5 J.hirB(Xi)’ for J.?H-B (XI) E IIHTF(XI);
It follows that

Maz () = Maz () = Naz (x) = Nz (x),
May (xi) Z Mz (x;) Z Nov (x;) = Nav(x;).
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So,AcBCcB°c A"

Therefore, by (S4) in the Definition 6 of similarity measure, we have
S (A, A% = (B, A% = S(B, BY).

Similarly, we can prove S(A, A%) = S(B, B) in the other cases:

When
Ma () = Mz (x), Na(xi) = Nz (x), for Mz () = N5 (x);

When
Ma () = Ma(x), Na(xi) = Na(x), for M5 (x) = Nz (x);

When

My () = Mz (%), Na(x;) = Na(xy), for Mz (x;) = Na(x)).
Hence

E (A) = S(A, A°) = S(B, B%) = E(B)

(P4): From the entropy (Ss) in the definition of similarity measure for IVIFSs,
we know that S(AS, A) = S(A, A9),

i.e.,

E (A% = E(A)

Proposition 4

Suppose S is a similarity measure for IVIFSs, assume A = <f(A), g(A)>= IVIF(X),
X = {X1, Xz,...., Xn}, and f(A), g(A) are the membership interval and non-membership interval of IVIFS A, respectively, then
SE(A) (4] is also an entropy E(A) of IVIFS A.

Proof
(P1): If A = P(X), then for any x; € X,

My (xi) = [L, 11, Na(xi) = [0,0] or Ma (x;) = [0,0], Ma(xi) = [1,1];
ie.,

11 -t
Mpraz(x) = Mrow(x) =2 =1, Ntz (x) = Nraox) =2 =0

-1 w1
*Mg Az (x;) = Mrg Ar(x)= z =0, NQIZAJL(Xi) = Ng[.ﬂb‘ x)= =z =1,

So, f(A) = X, g(A) = O are all crisp set,

Since S is the similarity measure, we have
E(A) = S(f(A), g(A)) = S(*- @) = 0.

(P2): From the definition of similarity measure, we immediately have
S(F(A), g(A)) = 1 = f(A) = g(A) i.e., Ma(x) = Na(x), ¥ xi € X.
(Ps): If A is a sharpened version of B, then we know when

Ma () = M5 ), Max) = Na (x), for M5 (x) = Nz (x);
ie.,

My, (xi) = Mg, (x) = NBL(Xi) = NAL(Xi),
s Maw () = Mav (x) < Nav (x) = Naw (x).
0,

[Maz Ced = Ny ()| = [Mzz (rgd = Ngp (i),
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|M.-1r.-' (rd = Ny (=] = |MBL' () — *n"rBL'{x[:]l,
Thus, g(A) € g(B) < f(B) < f(A)
Known by the definition of similarity measure, we have

S(f(A), 9(A)) = S(f(B), g(A)) = S(f(B), g(B)).
With the same reason, it follows that

Ma (x) = Mz (x), M) = Nz (x), for Mz (x) = Vs (x);

ie.,
Maz () = Moz () = Naw () = Mz (x),
May (%) = Msu (%) Z Nav(x) Z Nav(x;).
So,

|M.-1.L () = Ny (xd] = |MBL () - NBL':x[]L
|MA'|.-' ':-"'[:' — Ngy I:5"'[]| = |MBL.' ':-T[] - NBL'{-"'L':]L

Thus, g(A) < g(B) < f(B) < f(A)

Known by the definition of similarity measure, we get

S(f(A), g(A)) = S(f(B), g(A)) = S(f(B), 9(B))-

Similarly, we can prove S (f(A), g(A)) = S(f(B), g(A)) in the following two cases:

When
M, (x) MB(Xi), NA(Xi) = NB(Xi), for Mz (xi) = NB(Xi);

When
Ma () = Mz (), M () = Na(x), for M5 (x) = N3 (x).

Hence
E (A) = S(f(A), g(A)) = S(f(B), g(B)) = E(B), if A is less fuzzy than B.

(P4): From the definition of f(A), g(A), we know
f(A) = f(A%), g(A) = g(A"),

And due to the definition of similarity measure, it is obvious that
S(F(A%), 9(A%) = S(f(A), g(A)).
The proof is complete

Example 2

Suppose Y =[¥~.¥*], Z=[Z27.27] B IVF(X), X = {X1, X2,...., Xn}, SOMe existing similarity measures of IVIFS are as follows:

Euclidean similarity measures induced by Euclidean distance measures

Si(Y,2)=1 N'%E{-"-:lu}f-{x[] —Z (xR + v+ (x) — 2+ (x))D),

Similarity measure from the point of set-theoretic view

_ B min{y ~(x)daz” (e )+ min{ ¥ Y Gednz (o)D)
SAY. 2) = Efzi{max{.‘(— (xivz™ (e vmax{ ¥ i v 2 x )

Hausdroff similarity measures induced by Hausdroff metric

SxY/2) =1- 2T, (¥~ () - 27 Gl v ¥+ Ge) — 2+ G ).
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Now, suppose A = <Ms Ni> is an IVIFS. If we use Ma, Na to substitute for IVFSs Y, Z in the above similarity measures,
respectively, then by proposition 4 we obtain the corresponding entropy formulae of IVIFS A as below.

f
Ei(A)=1 'ﬂli T g (Mg (o) — Nag () 2 + 1My () — N (x:)17)

E A BT (Mar (Ge) AN AL (e )+ Map (e ) AN 4y ()
2 )_z;lzl{:MAL{xi}‘-‘NAL'[xi}+MAU{:xi}‘-‘NAU{:in}

Es(A)=1 i e g (IMap, () — Nap (e DIV [ Mgy () — N (x,1),

Where E;1(A), E2(A) have the same entropy forms as in example 1.

Definition 7
A real function I: IVIF(X) x IVIF(X) = [0, 1] is named as an inclusion measure of IVIFSs on universe X, if it satisfies

properties:

(Pl): I(AB)=0ifA=U,B=2

(PLy): If A< B, then I(A,B) = 1;

(Pl3): If A 2 B, then I1(A,B) = 1then A = B;

(Pl,): if A< B € C, then I(C,A) = I(B,A) A I(C,B).

Proposition 5

Let I be an inclusion measure of IVIFSs, A®be the complement of IVIFSs A, then
I(AY A, A A% is an entropy E(A) of IVIFS A.

Proof:
We need to prove that it satisfies all the axioms of entropy for IVIFS.

(P1): If A E P(X), then for any x; € X,

Ma(xi) = [1,1], Na(x) = [0,0] or Ma (xi) = [0,0], Na(xi) = [1,1];
ie.,

AYA=U ANA=D
Since I is an inclusion measure, we have I(A Y Ac, AN A9 = (U, ©) = 0.
(P2): From (Pls) in the definition of inclusion measure, we immediately have
IAYALANTAY =1 AY A=A AC
o A= A Mi(x) =Na(x), 7 x € X.
(P3): If Ais less fuzzy than B, then we easily deduce that
AfpaccBMBecBYBcAY A
With the property (Pl4) in definition of inclusion measure, we get
EAA)=IAY A AT A) = BY B, AN AY) = (BY B, B B = E(B).
(P4): Since Ac= <Na:Ma> we have E(A%) = I(A Y Ac, A M AS) = E(A).
Therefore, from proposition 1 to 5 we can see some implications of entropy for IVIFS and its close relations with similarity

measure and inclusion measure. The more relationships and in-depth implications among entropy, similarity measure and
inclusion measure of IVIFS will be studied in our future work
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The Application of entropy and similarity measure to decision making

Recently, IVIFS, as a useful too to deal with imperfect facts and data as well as imprecise knowledge, has drawn the attention
of many researchers who would like to perform multicriteria decision'making 3 25 2% 441 Group decision 23 3% %1 grey
relational analysis 4. And the applications of entropy and similarity measure to cluster analysis can be referred to the
literature. Since the similarity measure and distance measure of IVIFS have been applied to multiattribute decision making, the
entropy of IVIFS can be naturally applied to such fields due to their close relationships as discussed.

Example3

Let us consider a decision-making problem from Wang B¢, Assume that a show manager selling a budget cheap and best
mobile in a showroom is assessing four potential alternatives A = {A1, Az, As, A4}, where A; indicates Samsung, A; indicates
Vivo, Az indicates One Plus, A, indicates Redmi. The customer has to evaluate the following for attributes are: Camera quality
(x1); Battery function(x,); Speed(xs); Budget(xs). Suppose the customer is comfortable to buy a mobile his/her assessment of
each alternative on each attribute as an interval-valued intuitionistic fuzzy number (IVIFN) and assumes by using decision-
making.

[0.4,0.5],[0.3,0.4]: <[0.4,0.6], [0.2,0.4]: [0.1,0.3], [0.5,0.6]: «[0.5,0.6],[0.5,0.7]:
[0.6,0.7, [0.2,0.3) «[0.6,0.7],[0.2,0.3): «[0.4,0.8],[0.1,0.2]: <[0.6,0.7], [0.7.0.8]:
«[0.3,0.6], [0.3,0.4]> <[0.5.0.6], [0.3,0.4]> <[0.4,0.5],[0.1,0.3]: <[0.3,0.5], [0n4,0.5]:
«[0.7.0.81, [0.1,0.2]>  «[0.6,0.71.[0.1,0.3): «[0.3.0.4],[0.1.0.2]> <[0.1,0.2],[0.3.0.5]:

Where each row corresponding to an IVIF alternative is regarded as an IVIFS over the universe composed of four attributes

{x;, 1= i = 4}, and each element of this matrix is an IVIFN, representing the show manager is assessment as to what degree an
alternative is and is not an excellent investment as per an attribute. For an instant, <[0.4,0.5],[0.3,0.4]> reflects the show
manager’s belief that alternative A; is an excellent investment from a camera quality perspective x; with a margin of 40-50%,
and A; is not an excellent investment from a camera quality x; with a margin of 30-40%.

As we know, the less the uncertainty information each alternative has with respect to the four attributes, the better the
investment alternative is. Hence we can rank all the alternatives according to the entropy values of the corresponding IVIFSs.
By the afore-defined new entropy formula (1) of IVIFS, we have

Tl

_ 1 ‘HAL {I[:]."‘u ;nir‘,‘_;__':.‘r[:] + *HAL' ':.’T.'l_:] i ;nirAL- I:I[:]
B = _Z My Gedw Ny Ge) + My Ged v Ny ()

n&
i=1

And we easily compute,
H (A1) = 0.6645, H(Az) = 0.4715, H(As) = 0.6869, H(A4) = 0.3278

Using some other entropy formulae such as

[
*Ei(A) =1 ',\Jizlﬂ:l{ |M.4L':x[] - NAL{x[:]lz + |MAL.' ':-T[] - NAL.":-"'L':”:]
And we easily compute,
E1 (A1) =0.7879, E1(Az) = 0.6275, E1(As) = 0.8179, E1(A4) = 0.5907

N (Mag (x)aNgp (2 )+ Mg (2 )AN gy (7))
(Mg (x VN g () +Mg 1y (2 )vN 47 ()

*Ey(A) =
And we easily compute,

Ez(Al) = 0.8571, Ez(Az) = 0.8444, E2(A3) = 0.8703, E2(A4) =0.8

*Ey(A) =1 'i (M () = Ny G| v My Geid — Ny (1),

And we easily compute,

E3 (A1) = 0.945, E»(A,) = 0.8275, E»(As) = 0.955, E»(As) = 0.815
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E?zi{E—NAL{xfj W MAL{XE:]_NAU {xz:] v MAU{IE':]:]

e Z 1 (2—Nag Gepd n Mgy Cepd—Nag Geg) Mgy ()

And we easily compute,

T(A;) = 0.7755, T(Az) = 0.5, (Az) = 0.7778, T(A4) = 0.5522

Table 1: Comparison of decision results by different entropy measures of IVIFSs.

IVIFSs H(A) Ex(A) Ex(A) Ea(A) a (A)
AL 0.6645 0.7879 0.8571 0.945 0.7755
Az 0.4715 0.6275 0.8444 0.8275 0.5612
As 0.6869 0.8197 0.8703 0.955 0.7778
A4 0.3275 0.5907 0.8 0.815 0.5522

Ranking: As> Az > A1 > Az

So, Ay > Az > A; > Az, which coincides with each other with the ranking result stated in 5],

Therefore, from the result of the computation above we see that only the ranking investment obtained by using the proposed
entropy from A in agreement with the ranking result A; > Az > A; > As as shown in B8, This indicates that our proposed
entropy from A of IVIFS, the best and budget mobile to use is Redmi dealing with our entropy method.

Conclusion
We propose the information measures of entropy of IVIFS. The customer can measure the uncertainty in an IVIFS, while the
latter can measure the discrimination information between the IVIFSs. The relationship among some important information
measures of IVIFSs, have also been discussed, which can be used in decision making, clustering analysis and image
processing.
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