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Abstract

Logarithmic and exponential functions play an important role in complex analysis. There are many areas in complex analysis
where logarithmic and exponential functions are used. Infinite product is one of them. In this research paper, we will discuss
important results of Infinite products with logarithmic and exponential functions. Exponential and logarithmic functions are very
important when we discuss them in an infinite product, because they give us many useful results with infinite product. We will
discuss a very important relation of logarithmic and exponential function in an infinite product.
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Introduction

An expression of the type (1+a;)(1+az)(1+as)....... (1.1)
(Where all a’s are not equals to 1) is called an infinite
product.

We will denote n™ partial product by P,= (1+a;) (1+ay)
(1+ag)....... (1+ap).

If we can find a value k which is non zero such that lim n—oo
Pn= K, then we say infinite product (1.1)

converges to k. The necessary condition for the product (1+as)
(1+az) (1+as).......

to converge is that a, —0, however this condition is not
sufficient. There is one more powerful result:-

An infinite product (1.1) converges iff the sum

log (1+a1)+ log(1+ay)+ log(1l+as)+ log(1+as)+ ..............
converges. Therefore there are many important results in
infinite product spaces. We will also discuss a very important
relation of logarithmic and exponential function in an infinite
product.

Method

Let ai, @, ..an be complex numbers. We let py = (1+a1)
(1+az)..... (1+an) and gn = (1+a1]) (1+]az))... (1+an|),

then log (1+|pn-1]) < log (1+]as])+log(1+|az))...tlog (1+an|) <
[az]+|azf+. . .]anl.

Proof: For x>0, we have eX=1+x+x?%/2! +.... >1+x as x>0

Therefore 1+x < e* for x>0 (1.2)
Put x=|ai|, |azl,...... , |an] in (1.2), we get

1+]as| <explai|, 1+|az|<explaz], ............ , I+]an|<explan|
Multiplying these equations,

(I+a))(A+[az))............ , (1+]an]) < explai| explaz]...... explan|
=) On <exp(|ai|*|az*............ +an()

= qu<exp 21 19 (1.3)

Now we prove |pn-1| < gn-1 (1.4)

We will use mathematical induction for proving this.

Since |1+a;-1| <1+as]-1 therefore |p:-1| <qi-1 and hence the
result is true for n=1.

We assume that result is true for n=k therefore,

Ipk-1] < -1 (1.5)

Now for n=k+1,
Pre-1 = (1+a1)(1+ay). ... (1+ak) (1+aks)-1
= pre-1 = [(1+ag)(1+az)...... (1+aK)](1+ax+1)-1
= Prr1-1 = pr (1+ake1)-1
= Prr1-1 = pi (1+aks1)-1-ast+ ak by adding and subtracting
ak+1
=) Pre1-1 = [P (1+akes)-1(1+ake)] + aws
= Prr1-1= (Pr-1) (L+ake1) + ket
= [Pre1-1] <|pi-1] (L+|akea]) + [ae |
< (qi-1) (1+[awsl) + |awe1| by using (1.5)
=[Ok (1+|ake|)-1(1+[ak+|)] +|aks1 |
= Ok (L+]ake1])-1-|ake1| +aw+1 |
= Ok (1+]ak))-1

Therefore we have |pk+1-1| < qi (1+]ak+1])-1 which implies
Since qn = (1+|a1])(1+[az])...(1+|an]) therefore,

IPrra-1] < (1+[aa])(1+azl). .. (1+{ax) (1 +akel) -1

= |Pre-1] < Q-1

Hence the inequality |pn-1] < gn-1 is true by mathematical
induction.

We can write it as 1+|pn-1] < gn (1.6)
Combining results (1.3) and (1.6), we get,

L+jpy-1] < gu< exp 21 I

Taking log on both sides, we get

log (1+|pn-1]) <log gn < log (exp Zy 2| ) which gives,

log (L+pn-1) < log  [(I+as)(I+az))...(IHan)] <
|a1|+|a2\+...|aN|,
log (L+pn-1)) < log (1+fas)+log(1+[az)... +log(1+an]) <

|a1|+|a2\+. . .+\aN|_
This is our desired result.

Results and Discussion

Infinite product is very important when discussed with
logarithm and exponential function. There are many results of
this topic. Here we have also discussed a result. If we let pn
and g as special types of infinite product i.e.

pn= (1+a1) (1+az)..... (1+an) and

On= (L+aaf)(1+[az)). .. (1+an]),
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Then a very important result can be established i.e.
log (1+pn-1)) < log (1+[ai])+log(1+|az))... tlog(1+an|]) <
[a|+|azlt...+|an|. Where as, a,,....an be complex numbers

Conclusion

Exponential and logarithmic functions do not only play
important role in basic sciences, but they also play very
important role in complex analysis also. Infinite product is one
of them. Many results can be established with logarithmic and
exponential functions when taken with infinite products.
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