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Abstract 

The ternary quadratic equation
2

24111)
22

(6 zyxxyyx 
analyzed by its nonzero distinct integer point on it. Employing the 

integer solutions, a few relations between the solutions are presented. Also, knowing an integer solution formula for generating 

sequence of solutions are given.
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1. Introduction 

The Ternary quadratic equation offers an unlimited field for research because of their variety [1-2]. In particular, one may refer 

[3-25] for finding points on some specific three dimensional surfaces. This communication concerns with yet another ternary 

quadratic equation
2

24111)
22

(6 zyxxyyx 
 for determining its infinitely many integer solutions. Employing integral 

solutions, a few interesting relations among the solutions are given. 

 

2. Method of Analysis 

Consider the equation  

 
222

24111)(6 zyxxyyx         (1) 

 

The substitution of linear transformations 

 

)0v(u    vuy ; vu x        (2) 

 

in (1) leads to 

 

2
24z

2
23v

2
1)(u          (3) 

 

where Uu  1   

The above equation is solved through different methods and using (2), different patterns of integer solutions to (1) are 

obtained. 

 

Pattern: 1 

Write 24 as 

 

))(( 23i123i124          (4) 

 

Assume 

 
22

bazb)z(a, 23         (5) 

 

where a and b are non - zero integers 

Using (4) and (5) in (3) and employing the method of factorization, define 

 
2

)23i( )23i(1v)23i(U ba         (6) 
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Equating real and imaginary parts, we have 

1-46ab23bau
22
  

2ab23bav
22
  

 

Substituting the above values of u and v in (2), the values of x and y are given by 

 











1-48abb)(a,y y

1-44ab46b2ab)(a, 
22

xx
        (7)

 

 

Thus (5) and (7) represent non zero distinct integral solutions of (1) in two parameters. 

 

Properties 

1. 41) (mod 40t,1) 2z(a,1) (a
a , 10
x  

2.   number.nasty  a is 1t,1)2z( α-,1)(α416- 2
α , 10

22
 x  

3. 40) (mod 1t8,1) 2z(a,1) (a
1-a , 3
x  

4. 95) (mod 44t,1) 2z(a,1) 2y(a
a , 6
  

5. -a t8t-
1-a 3,a , 10
  

6. 43136t-t4z(a,1)y(a,1)2(a,1)
a , 6a , 10

 ax  

 

Pattern: 2 

Consider (3) as 

 

)v23(zzu
2222

          (8) 

 

where Uu  1   

Write (8) in the form of ratio as 

 

0    ,        
zu

vz

v)23(z

zu












β

α
 

 

which is equivalent to the following two equations 

 

0)23z(v23u  αβαβ  

0)z(vu  βαβα  

 

On employing the method of cross multiplication we get  

 
















223v

14623u

22

22

         (9) 

22
23z             (10) 

 

Substituting the values of u and v in (2), the non - zero distinct integral values of x and y are given by 

 











144246),(y y

148),( 

22


xx
       (11)

 

 

Thus (10) and (11) represent the nonzero distinct integer solutions of (1) in two parameters. 

 

Properties 

 5)13(mod134t)1,(z2)1,( ,186  y  
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 numbernasty  a is ]1t)1,(z2)1,([ 1356 2
 ,186

22


k
kky  

 136) (mod135t184)1,(2z)1,( 1 ,3  y  

 










1184)1(2)1,y(k1366-

1,3

22
2

k
tkz  

 316046t)1,(z3)1,(y)1,( ,1863,    tx  

   1,3,186 184 tt  

 2271184)1,(4)1,(2 1,3,186     ttzy  

 

Pattern: 3 

Write (8) in the form of ratio as 

 

,        
)(23















zU

vz

vz

zU

 

0  

 

which is equivalent to the following two equations 

 

   0  zvU  

   02323   zvU  

 

On employing the method of cross multiplication, we get 

 

 14623
22

 u  where 𝑢 = 𝑈 − 1  

   223
22
v

 

  
22

23  z
    

 

Substituting the values of 𝑢 and 𝑣 in (2), the non - zero distinct integral values of 𝑥 and 𝑦 are given by, 
 

 
 

  









   144462,

148,

22




yy

xx
       

(12) 
 

 

Thus, (11) and (12) represent the non - zero distinct integer solutions of (1) in two parameters. 

 

Properties 

 47) (mod46t)1,(2z)1,(  ,10  y  

 40) (mod39t8)1,(2z)1,(  ,3  y  

   numbernasty  a is   1)1(2)1,y(k476- 2
,10

22


k
tkz  

 169389t)1,(z9)1,(y)1,(7 ,1610,    tx  

 2878)1,(4)1,(2 ,3,10    ttzy  

  78 ,3,10  tt  

 

Pattern: 4 

Write (8) in the form of ratio as 
 

,        
)(23 













zU

vz

vz

zU

 

0  

 

which is equivalent to the following two equations 
 

   02323   zvU  

    0  zvU
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On employing the method of cross multiplication we get 

 

 124
22

 u  where u=U-1 

  223
22
v  

 
22

23  z
          

(13) 

 

Substituting the values of 𝑢 and 𝑣 in (2), the non - zero distinct integral values of 𝑥 and 𝑦 are given by, 

 

 

 

  










144462,

  148,

22




yy

xx

      
(14) 

 

 

Thus, (13) and (14) represent the non - zero distinct integer solutions of (1) in two parameters. 

 

Properties 

 47) (mod46t)1,(2z)1,(  ,142  y  

   numbernasty  a is     190)1()1,x(k716
1,3

22
2 
k

tkz  

 12490t)1,(z)1,(y)1,( 1,3142,     tx  

 291)1,(4)1,(2 ,22,32,42,52,142    tttttzy  

  3,22,32,42,52,142  ttttt  

 

Pattern: 5 

Write (8) in the form of ratio as 

 

,        
)(23















zU

vz

vz

zU

 

0  

 

which is equivalent to the following two equations 

 

   0  zvU  

   02323   zvU  

 

On employing the method of cross multiplication we get 

 

 14623
22

 u  where u=U-1 

  223
22
v  

 
22

23  z
          

(15)
 

 

Substituting the values of 𝑢 and 𝑣 in (2), the non - zero distinct integral values of 𝑥 and 𝑦 are given by, 

 

 

 

  










144462,

   148,

22




yy

xx

       
(16)

 

 

Thus (15) and (16) represent the non - zero distinct integer solutions of (1) in two parameters. 

 

Properties 

      135mod134,12,1 ,186   tzy  

     116046,13,1),1( ,186,3    ttzyx  

     numbernasty  a is ]1,12,1[1356 ,186   tzy  
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 


7
,186,26,46,12,36,24,28,8,20

 ttttttttt  

    2263,14,12
,26,46,12,36,24,28,8,20,186

 


tttttttttzy
 

 

Pattern: 6 
Consider (3) as 

 

   124231
222

 zvu  

 

Let 𝑈 = 𝑢 + 1 

 

   12423
222
 zvU           (17) 

 

Consider, 

 

    viUviUvU 23 2323
22

         (18) 

    231 23124 ii           (19) 

 

Write (5) as 

 

    
22

2
2323 biabiaz          (20) 

 

Write 1 as 

 

 
   

2
12

2311 2311
1

ii 
          (21) 

 

Using (18), (19), (20), (21) in (17) and employing the method of factorization, define, 

 

 

     
 

12

2311
23 23123

2 i
biaiviU


  

 

Equating real and imaginary parts, we have 

 

 

 14623
22

 abbau  

 

 abbav 223
22


 

 
  22

23, babazz 
  

 

Substituting 𝑢 and 𝑣 in (4.2) we have 

 

 
 

  










   144462,

148,

22
abbabayy

abbaxx

       
(22)  

 

Thus, (5) and (22) represent the non - zero distinct integer solutions of (1) in two parameters. 

 

Properties 

      47mod46,12,1 ,186  btbzby  

     119,13,1),1( ,16,14,186,22  bttttbzbybx bbbb  

     numbernasty  a is ]1,12,1[476 ,186  btbzby  

 btt bb 183184 ,186,3   

     2183184,14,12 ,186,3  bttbzby bb  
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Pattern: 7 

Write (3) as 

 

222
23v24zU   where 𝑈 = 𝑢 + 1        (23)  

 

Introducing the linear transformations 

 









  24TXv

23TXz
          (24) 

 

Substituting the values of z, 𝑣 and u in (23) we get, 

 

222
552TUX           (25) 

 

which is satisfied by 

 

 



















2pqT

q552pX

q552pU

22

22

          (26) 

 

Substituting the values of U, X, and T in (24) we get, 

 




















46pqq552pz

48pqqp552v

1q552pu

22

22

22

         (27) 

 

Substituting (24) in (2), we get 

 

 




















46pqq552pz

     1-48pq2q)qp,(yy

1-48pq1104p)qp,(

22

2

2
xx

        (28) 

 

Thus, (29) represent the non zero distinct integer solutions of (1) in two parameters. 

 

 Properties 

      1147mod 11461, 21, ,2206  ptpzpy  

     2-87p22081, 41, 2 ,2206,3  pp ttpzpy  

    










122081, 2110606

1,3

22
2

k
tkzky  is a Nasty number 

 -2207p2208t ,2206,3p2206,  pp tt  

 

Note 
Instead of (24), one may also consider the transformations as 

 









  24TXv

23TXz
          (29) 
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For the choice, the corresponding integer solutions are 

 

 




















              46pqq552pz 

 1-48pq2q)qp,(yy 

1-48pq1104pq)(p, 

22

2

2
xx

        (30) 

 

Thus (30) represent the non zero distinct integral solutions of (1) in two parameters. 

 

Pattern: 8 

It is worth to note that (25) is satisfied by other choices of 𝑋, 𝑇, 𝑈 which is illustrated as below (25) is written as the systems of 

two equations as follows: 

 
Table 1 

 

SYSTEM X+U X-U 

1 T
2

 552 

2 2T
2

 276 

3 4T
2

 138 

4 6T
2

 92 

5 8T
2

 69 

6 12T
2

 46 

7 276T
2

 2 

8 138T
2

 4 

9 92T
2

 6 

10 69T
2

 8 

11 46T
2

 12 

12 552T T 

13 46T 2T 

14 69T 8T 

15 92T 6T 

16 138T 4T 

17 276T 2T 

 

System: 1 

 

2
TUX  ; 552UX   

 

And solving, we get 

 

 2762X
2
 k ; 2762U

2
 k ; k2T   

 

Substituting the above values of 𝑋, 𝑇, 𝑈 in (24), and employing (2), the corresponding integer solutions to (1) are as follows 

 

 


















      462762)(zz

55348)(yy

1484)(

2

2

kkk

kk

kkkxx

 (31)  

 

Thus, (31) represent the non zero distinct integer solutions of (1) in two parameters.
 

For simplicity, the values of 𝑥, 𝑦, 𝑧 satisfying (1) obtained on solving the systems 2 to 17 are presented below. 
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Table 2 
 

System: 2  

13823)(zz

27724)(yy

1242)(

2

2







TTT

TT

TTTxx

 

System: 10 

 

446138)(zz

948)(yy

148276)(

2

2







KKT

KT

KKTxx

 

System: 3 

69232)(zz

13924)(yy

1244)(

2

2







TTT

TT

TTTxx

 

System: 11  

  62323)(zz

1324)(yy

12446)(

2

2







TTT

TT

TTTxx

 

System: 4 

46233)(zz

9324)(yy

1246)(

2

2







TTT

TT

TTTxx

 

System:12 

 

 599)(zz

150)(yy

11152)(

KT

KT

KTxx







 

System: 5  

586216)(zz

2648)(yy

928032)(

2

2







KKT

KT

KKTxx

 

System: 13  

     47)(zz

126)(yy

170)(

TT

TT

TTxx







 

System: 6  

23236)(zz

4724)(yy

12412)(

2

2







TTT

TT

TTTxx

 

System: 14 

   

KT

KT

KTxx

123)(zz

164)(yy

1186)(







 

System: 7  

123138)(zz

324)(yy

124276)(

2

2







TTT

TT

TTTxx

 

System: 15  

KT

KT

KTxx

144)(zz

160)(yy

1232)(







 

System: 8  

22369)(zz

524)(yy

124138)(

2

2







TTT

TT

TTTxx

 

System: 16 

  94)(zz

128)(yy

1162)(

TT

TT

TTxx







 

System: 9  

32346)(zz

724)(yy

12492)(

2

2







TTT

TT

TTTxx

 

System: 17 

TT

TT

TTxx

162)(zz

126)(yy

1300)(







 

 

3. Conclusion 

In this paper, we have presented different patterns of integer solutions to the ternary quadratic equation
2

24111)
22

(6 zyxxyyx 
. As this Diophantine equations are rich in variety, one may attempt to find integer 

solutions to other choices of equations along with suitable properties. 
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