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Abstract
In the present paper some new subclasses of analytic multivalent functions are introduced which are defined by certain generalized
integral operator. We shall establish inclusion relations for these subclasses.
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1. Introduction
Let A, denote the class of functions f analytic and p-valent in the open unitdisk U ={z: |z | <1 } and be given by

f(z)=2"+ i a,z" (peN) .. (11)

n=p+1

A function f € A, is called p-valent starlike function of order y (0 <y <p), if

21 (2)
Re{ ) }>7 (ze V) .. (12)

We denote this class by S ; (7) . On the other hand a function of € A, is called p-valent convex function of order y (0 <y < p), if

Re{l+%}>y (z eV) ... (13)
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We shall denote this class by C, (y). Further it is observed that

feC,(n)iff 2f S, ())  (PeNzeU)

Further suppose that

hp[(aq)’(ﬁr)1z] = Zp qFr (ali'"’aq ;ﬂll""ﬂr 12)

(@) (8)
=27+ > B ()7 .. (1.4)

n=p+1

<r+l;4€eR , BeR \Z,;Z,={0,-1,-2,...};
i=1..q;j=1l...r;ze )
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Where 4F; is the generalized hypergeometric function and
(aq) (Br) _ (al)n—p (az)n—p "'(aq)n—p
B, (n) =

(IBl)n—p (;Bz)n_p ...(,Br)n_p (n—p)! '

.. (15)

H
Corresponding to the function h [(e,);(/3,);2], Dziok and Srivastava [2, p.3, Eq. (3)] introduced a linear operator p.agfr
defined by the convolution

praqﬁr f(2) = h,[(«,);(B):2]*f (2) ... (1.6)
Or equivalently by
Hoo 5 F(2) = 2"+ Z B (n)a,z" (z e V). (L)
n=p+1

Here * stands for the convolution of two analytic multivalent functions f and g of the form

f@) =2+ a,2.9@ =2+ b, 2" (a,,b, 20, peN)

n=p+1 n=p+1
And is defined by

FrQ@ =2+ ab,z" 19

n=p+1
The linear operator HMq 5, f (z)includes various other linear operators considered earlier by Hohlov [, Carlson-Shaffer [,
Goyal and Bhagtani 1, Ruscheweyh ! etc.
Next by using the operator praq 5 We introduce the following classes of analytic functions for ¢ € H; f € Ay, @g>_1and ﬁr
>1
paﬁ(qﬁ) {f:feA,andH_, rf(z)eSp(¢)}

Coay.5, () ={f:feA and praq 5 T(@) €eC(p)}

We also note that

f(@2)eC,, , () =2 @) €S,, , @) ... (1.9)

The results contained in the following lemma due to Miller and Mocanu I will be required to establish our main results:

Lemma

(Miller and Mocanu [5]). Let w (u,v) be a complex valued function,w: D — C, D < C xC (C is a complex plane) and let u = u; +
i uz and v = v + i v2. Suppose that the function w (u,v) satisfies the following conditions:

(i) w (u,v) is continuous in D,

(ii) (1,0) e D and Re {w (1,0) } > 0,

(iiii) Re {w (iU, v1)} <0 for all (iuz, vi) D and such that V, < — (1+U3)/2.

Leth (2) =1 + ciz + 222 +... be analytic in U, such that (h (z), zh' (z)) e D for all z € U. If Re {w (h (2), zh' (2))} > 0 (z € U), then
Reh(z) >0forallz e U.

2. Inclusion Relations
We establish the following inclusion Theorems:

Theorem 1. Let %a> - 1 and ﬁr >1. Then

St (@) Sy 4 (@ +1) (§)
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Proof. Letf (Z)GS;Y%ﬁr (9).

z2(Hp,, 5, T @)

How . T @)
Where h (z) = 1 + ¢1z + ¢2z% +... and using the identity
z (HP,quﬂr f (Z)) :(al) HP,aqﬁr (al +1) f (Z)_ (al - p)HP,aqﬁr f (Z),

Setting —r=(P-y)h(2),

(¢,>-land B > land f €A))

Where
= (al +1)n—p (az)n—p "'(aq)n—p n

n=p+1 (ﬂl)n—p (ﬂz)n—p "'(ﬂr)n—p (n - p)l o

Hoo s (0 +D) f(2)= 2" +

We find that

HP,aqﬁr (0, +1) T (2) _ 1|72 (Hp,aqﬁ, f(2)
HPvaqﬂr f(2) () Hp,%ﬁr f(2)

+a,—p

1
(@)

Next using the logarithmic differentiation on both sides of (2.2), we obtain

U +(P-7)h@)+a-p}

2(Hppp (a+D T @) 2(Hy,, s T @) . (-nE
He o, s, (o +1) f (2) He o, s f(2) (P-Nh@)+y+a—p

(P—7)zh (2)
(P-7h@)+y+a—p

=y+(P-»)h() +

or
Z(Hp,, p (o +1) T (2)) —y)zh (z
a2 =@ 2N )
Heo 5 (0 +1) T (2) (P-h@)+y+a—p
Now we form the function w (u,v) by taking u = h(z), v=z h' (z) in (2.3) as:
— )V
w(uy) = (p-pur — IV
(P—7y)u+a,—p

Then we see that

(i) W (u,v) is continuous in D = (C - {wlp_p}j xC,
}/_

(i) (1,0) e Dand Re {w (1,0)} =p-y>0,

(iiii) For all (iuz, vi) e D and such that v, < — (1+U2)/2,

.. (2.1)

. (2.2)

.. (2.3)

.. (2.4)
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Rew (iu,,v,) =

+a-p)pP-1V
(7 + o, —py +(p—y)* U3

o ra-p)e-Na+ud) _

A+ =pY +(p-1uzl

This implies that the function w (u,v) satisfies the conditions of Lemma . This shows that if Re w (h(z), z h' (z)) > 0 (z € U), then
Reh(z) >0, (z € U).

Thusitf@) e S, , ,(#) thenf(2) €S,, , (o +1)(9).

Theorem 2. Let (g> .1 and ﬁ:r' >1. Then

Chus, @ =Ch (@ +1) ()

Proof.

feC,, , (e H, , f(2) €C,(»)
< 2Z(Hp, 4 ) eS; () ©He, 5 (zf) e S,; )

oz2feS,, () =z2feS,, , (& +1) ()

& (Hpy, p (@ +D)(2F) €S,(0) & 2((Hs, 4, (@, +1) ) €S, ()

S H,, ,(@+) f eC,(y) o f ec;,aq,ﬁr (o, +1) (7).
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