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Abstract

The rationale peripheral to the contents of this note is absolutely a new one that targets towards an area, not previously attempted
one, in the vast field of matrix algebra. A new array of numerical figures, may be complex also, lies in the fact that in the
matricinal construction wherein each row vector is always perpendicular to its corresponding column vector resulting in to an
array/ matrix of three pair-wise perpendicular vectors. This system, in this note, has been treated in algebraic fairness with
depicting a 3-D geometrical structure/s and their related characteristics. The extension to this finite system ends with enhancing
glimpses to higher dimensions.
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1. Introduction

Sometimes it happens so that an object escapes away, not observing the centripetal force of attraction while whirling around some
centre and its escaping tendency at that point of time is always tangential to the radius vector of the system. This particular system
has summoned upon our attention and has envisaged our concentration in the direction. In addition to this there are, as observed in
many celestial events, heard and read about, inspire us to think in the direction that we keep on unfurling some facts sequentially in
this note. In this note we are to discuss about square matrices whose rows and column vectors observe orthogonality. This
property, initially, does not shade fine colours but as we search for more mathematical details and algebraic structures it remains
more sympathetic to what we pursue. As detail advances, we went on following and its pursuant was ceaseless which intuitively
diverged us to the next paper on the same line as the title rightly indicates.

2. Definition of JJ (N) Set and “RC Property”

Now in this connection we define a square matrix M., in ™ dimension with real entries (In remote cases we may extend the same to
complex entries likely to be a part of wide open Hilbert space) we define, as narrated earlier, a square matrix (n % 1) with each
of its row vector denoted by RiVi=123.. .,n being perpendicular to each corresponding column vector

CVi=1,23,.. .., The new chapter in this field that we are going to open begins with the most astounding properties for
each matrix that we deal.

For each ¥ € N, we have the inner product of R;and Ci denoted as <Ri,Ci> = 0.

The general structure, depicted below, is in the form of an (n x n) array.
The general form of matrix possessing RC property is, what we have planned to align with to our further extension, as follows,

Cp @1 Oz Qpn-1
by o b bu-1
P=| dy dy ¢ An-1
my T Mg Cn—1 e

The set of all such matrices is denoted as JJ (n). In this case, A € JJ ()

3. Formation of Set JJ (3) with Real Entries
Now let us consider an element A of set JJ (3), with real entries
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As a result of RC property, we have,

Ri'Cj_:ﬂ:} C|}2+ﬂ1b1+ﬂ.2d1=ﬂ

RE'CZZ{]:)‘ ﬂ1b1+C12+b2d2:[]
RE'Cazﬂ: ﬂ-:ﬂ:1+b2d2+|f:2=ﬂ

Let us consider cross terms by variables defined as below.
A=a;b,B =a.d,and C = b,d,

which in turn allows us to rewrite,

Ri'C;=0= ¢3*+4 +B=0

R, Co=0=A +¢,*+C=0
RE'C:;:ﬂﬁ‘B +C +C:2=

Solution of this system of linear equations in terms of €2 €1"r and €2, considering 4, 5 and € as variables is,

A b 1[ 2,2 +¢,2]
=0 == |—Cp" —C¢° e
191 =35 o 1 2 )
B =a.d, == [—cy? +6,° —n°
1= 5[0 0 7] o
C = byd 1[+ 2 g2 —,?]
= Al = — C‘_C‘_Cﬂ‘
- - 2 I} 1 - (3)

So, every real element of set JJ (3) can be constructed by assuming its leading diagonal values ©o: €1 and €2. Also, solution shows
that there exist infinite solutions for every choice of leading diagonal entries.

4. Construction of Set JJ (3) With Complex Entries
Generalization of Real formation can be obtained by taking complex element of JJ (3).
Let us consider, a complex element A of set JJ (3) by,

{ﬂl + iag:} (hj_ + ih'g:} (Cl + ng:}

P=| 0y +ixy) (yq +iys) (z4 +izs)
(py +ip2) (gq +igy) (ry +irg)

By RC condition,

Rl " Cl = ﬂ = (Ell + ia:}z + (Xl + iX:](hl + j.h:} + (Cl + iC::}(pl + ip:} = ﬂ
Ry Ca=0= (¥ +ixz)(by +ibo) + (yy +iy2)* +(zq +izo)(gy +igy) =0
RE - Cg = ﬂ =] (Cl + iC:}{pl + ip:} + (Zi + iz:}(ql + iq:} + (rj_ + ir:}z = ﬂ

Let us consider, cross terms by variables as,

A=(x +ix)(by +iby),B = (cq +icy)(py + ipy),and € = (zy +iz,)(gy +igs).
R,-C,=0= (a3, +ia;)*+A+B=0
R, C,=0= A+(y; +iy)?+C =0
RE'ngﬂﬁ‘ B+C+(r1+ir2}2 =0
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Solutions of this system of linear equations in terms of (3 +iag)%, vy + iy)* g (ry +ir2) is,

A= (Xl + j.X:}(hi + j.b:} = [_(Ell + ia:}z _(}’1 + i}rz}z + (rl + ir:}z]

b |

1 : e s
B = (¢ +icy)(py +ips) = 3 [—(a; +iaz)? +(y +iy2)?— (g +irp)?]

C=(z +izz)(g +igy) = L ['H:E-1 +1iaz)? —(yy +iy2)* — (g +irp)?]

(4)

®)

(6)

So, every complex element of set JJ(3) can be constructed by assuming it’s leading diagonal entries (ay +iaz), (v1 + iy2),

and (ry +iry). Also, solution shows that there exist infinite solutions for every choice of leading diagonal entries.

5. Case Studies of SET JJ (3)
Case-1: Leading diagonal elements are Integers

Letustake o = Lit1 =2 gpgca = 3
Then by equations (1), (2), and (3), we can find A, B, and C as follows.

- - @+(9]=2
SO+ - 1=(-3)

C=bady =3 [+{(1)—-(4) - (9] =(-6)

From infinite possibilities of & B, and C let us consider following combinations

151=ab1=2 :1=1 &b1=2
B:ﬂ-g 1:( } ﬂg=(‘l}&d1=3
C=byd;=(-6):b;=(-1) &d, =6
a; a 1 1 -1
As a result we have P—( Cq b2)=(2 2 —1)
d, ¢ 3 6 3

Case-2: Leading Diagonal Elements are Proper Fractions

e |

1 1
Cog==,0, = €, ==
Letustake ° 2" 17 zand ¥ =

Then by equations (1), (2), and (3) we can find & B and € as follow
-(3)-(@)@)]--

-()+ o) -&) ]--)
+()-()-@) |-
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From infinite possibilities of A, B, and € let us consider following combinations.

19 1
Azﬂ-lbl:—(_) . ﬂ.1=(—1g}&b1=—

128 128
B=a,d; = (13)' —1 & dy =(—13
=281 = ~(15g) %2 = g5 & 1= (713)
C—bd—ii 'b—i & d, =11
TP 428 TP 128 TR
I _q9 L
Co ap 4ay 2 1i8
This helps write the matrix as shown. P = (b1 C1 bz) = % % 6
G d2 13 11 2
- 8

Case 3: Leading diagonal elements are Complex numbers.
Let us take €0 = L1 = —Land ¢z = 4,
Then by equations (1),(2), and (3) we can find £ B, and C as

A=ayh, = %[—(—1} — (1) +(-16) 1= (-7)

B=axd; =3 [-(-D + (-1~ (-16) ] =8

C= bt =3 [+(-D) ~ (1)~ (-16)] = 8

From infinite many possibilities of & B, and € let us consider following combinations.

A= ﬂ-lbj_:{_?} sy = (_1} & bl =7
Bzﬂ-:dl:S :ﬂzzg &dlz-l
C=E‘J2d2=8 :b2=2 &d:z‘l'

Co Q1 Qaz i -1 1
This helps write the matrix as shown. P = (b1 1 bz) = (7 —i 4)
dl dz Cz 8 2 4’i

6. Properties of Set JJ (3)

. T,
P(01): Let P be an element of set JJ (3) then its transpose denoted as Pis also an element of set JJ (3).

Let us consider an element P of set JJ(3) as follows.

Cg ﬂl a Cﬁ bl dl
P= (5’1 c1 b );" PT = (ﬂ1 =1 fi:)
23 b, Ca

dy da © a

B3 B3 pa

This matrix PT also satisfies RC conditions which are same as that for A.
R,'Cy= g +ayby +ayd; =0

R, Co= ayby +¢° + bod, =0

Ry-C3= agdy +bydy+cy* =

= PT€33)
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P(02): JJ(3) is closed under scalar multiplication.

Let P be an element of JJ (3) and & is a scalar, then &P js also an element of JJ (3).
Let us consider an element P of set JJ(3) as follows.

Cop @9 @ Oy Gaq ©adp
P= (:Ejl Cq b :) = aP = (:[[EJl Coly [[EJ::]

ﬂil ﬂi: leil Clﬂiz ]

B3 OB 3

]

This matrix ©F also satisfies RC conditions which are same as that for P.
Ry Cy= al(cy +ayhy +aydy) =0

R, Cy= a?(a;by+¢, +byds) =0

Ry-Cy= a’(azdy + bada+¢,2) =0

~aP € 353

P(03): Let P pe an element of set JJ (3) then its complex conjugate : denoted as pé is also an element of set JJ (3).
Let us consider a complex element P of set JJ(3) as defined below.

(a; +ia;) (by +iby) (og +icy)
P=| (x +ixy) (yq +ive) (24 +izg)
(py +ipz) (qq +igy) (ry +irg)

This matrix will satisfy RC condition,

Ri-C =0= (a +iap)?+ (x +ixy)(by +iby) + (e +ica)(py +ipa) =0
Ry Cp=0= (x +ixy)(by +iby) + (yq +iy2)? + (7 +izp)(gy +igy) =0
Ry'C3=0= (¢ +icy){py +ipy) + (zy +iza)(gy +igy) + (g +ir)? =0
Ry'C=0= [(ag)*—(az)?+ Gayby —boxo) + (prcy — paca)]
+i [2aja; + (33 by +byx,) + (s + pacy )] =0+ 00
= [(a1)*—(a2)? + (xyby —byxp) +(pycy —pacy)] = 0and
[2aya; + (xyby +byxa) + (pycy +pacy)] =0

R, Co=0= [(vy)%— (72)*+ (yby —boxo) + (0424 —qo2,)]
+i [2yyy2 + (bo +byx) + (g2; +g279 )] =0+ 0
= [(¥1)* — (¥2)* + Gy by —baxy) + (@173 —q222)] = 0 and
[2y1y2 + (g by +by %) + (9122 +9229)] = 0

Ry'Ca=0= [(ry)%—(r2)*+ ((;mey —p2c2) + (@2 — q225)]
+i [2yyy2 + (prea+prca) +(pres +pacy)] =0 +i0
= [(r)?—(r2)* + ((prog —pacz) + (@17 — q225)] = 0 and
[2yiy2 + (prcs +pea) + (pyca + pogy)] =0

Now,

(a1 +iaz) (% +ix) (py +ips)
=PT=|(by +iby) (y1+iyz) (g +ig)
(cy +icy)  (zy+iz) (ry +irg)
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L (a; +1a,) (x +ux) (py +1p2)
=P=(PT)= (131 +1b;) (31 +w2) (g +1g7)
(cg +1cy) (zg +125) (ry +1rs)

(3 —iap) (% —ixz) (py —ip2)
= P8=| (b, —iby) (y1—iyz) (a1 —igy)
(Cl — iC:} (21 — iz:} (rl — ir:}

For this matrix RC condition is,

Ry-C = (ay —iag)?+ (3 —ixo)(by —iba) + (g —ico)(py —ips)
Ry Cy = (% —ixg)(by — iby) + (yy — iy)? + {7y —iz2)(g; —igs)
Ry C3y = (ey —icy)(py —ips) + (zg —izp)(gy —igy) + (1 —iry)?

Using RC condition of matrix P,

Ri-G = [':5113'2 - ":323'2 + ":X1b1 - h:l“::} + (p1cy —p2cz)]
—i [2aa; + (by + byxy) + (pyes +p2gy)] =0

Ry -Gy = [(}’13'2 - (.':r’:}z + (K1|31 - hzxz} + (q121 — q222)]
—i [2yyy2 + (b +byxy ) + (gy25 +9224)] = 0

REICE

[(ry)%— (r2)*+ ((p1c1 — paca) + (9121 — g2z2)]
—i [2yyy,+ (prca+ pyco) +(pyca+ pocy)] =0

P(04): JJ (3) is closed under ~ + ", where operation ~ + " is defined as usual matrix addition for any two elements P and Q of
3@3), when Bi " C; =0 gori = 1,2,5nq 3

ie RiofPis perpendicular to C: of P and Qfori = 1,2 4nd 3.
Let us consider two elements A and B of JJ(3),then its addition as defined above will be,
3 b oo a; by o 8 +a; by +by o t+eg
P+Q=|% ¥ Z1|+|% ¥z Zz X2 tX ¥Vit¥2 otz
R TR ] Pz Q2 T2/ =\ +Pz th+qz I3+
Then it will satisfy RC property as,

Ry -C =[(a)?+ (a)% + (yby +boxs) + (py g +pacs)
+2aja; +(xby +byxy) + (pycz +pacy)]

=0 ( R, of P is perpendicular to C; of P and G, of Q)

R, Cp = [y )%+ (wa)®+ (xyby +boxy) + (q127y +922;)
+2y1y2 + (G bs +byxp) + (@122 + q224)]

=0 (v R, of P is perpendicular to C, of P and C,of Q)

Ry Cq =[(ry)? = (rp)? + ((pycy — paco) + (myzy — gazs)
+2y3v2 + (prca + pyca) + (pyc2 + pacy)]

=0 (v Rj of P is perpendicular to C; of P and C;of Q)

~ P +Q €35 (3) This establishes closure property.

586



International Journal of Advanced Research and Development

P (05): JJ (3) is associative under addition.
Let P, Q, and R be elements of JJ (3) then,
Using the RC properties described above one can established

~P+(Q+R)=(P+Q)+R
P (06): Existence of an additive identity in JJ (3).

Null matrix @3 is an additive identity element of JJ (3).
Followed by RC property, Null matrix is also a member of JJ (3) and it acts as an additive identity in JJ (3).

~P+0=0+P
[This has been granted as a special case.]

P (07): Existence of an additive inverse in set JJ (3).
L. e For any element P of JJ (3) there exists an element (=Fliny (3) such that

P+{(-P)=(-P)+P=0.

P (08): JJ (3) is commutative under addition.
LeP+Q=0Q+ Proranyelement P and Q of JJ (3).

a4 bi = da h: Ca =0 + da bi + h': Cq + Ca
P+Q=|% ¥ Zy|+|X ¥z Zz|=|% t+Xx ¥V +¥: Z;+I;
B o Ny Pz 4z I By tp: o t+dqx Iy trs

As all the entries of matrices P and Q are real and the commutative property holds true in the set R we have,

da + dq h‘: + bj_ Ca + Cq da h: Ca a4 bi Cq
P+Q = X: +X1 F2+}F1 22+21 = 2 }FZ 22 =+ Xl }?1 21 =Q+P
pz+tp Qxtq rztn p: qz I? S TR 51

#P+Q=Q+P

P (09): JJ (3) is an Abelian Group.
Properties P (04), P(05), P(06), P(07), and P(08) assert that JJ (3) is an Abelian group.

P (10): Elements of JJ (3) are non-singular

As Ri is only perpendicular to Ci for each ¥ = 1.2, and 3 vectors represented by Ri are non-planner. So the underline matrix is
always non-singular matrix. [Null matrix is one special case of JJ (3)]

P (11): Existence of multiplicative identity of JJ (3).
As the rows and columns of regular identity matrix do not obey RC property we claim that Regular identity matrix is not a member
of JJ(3) and hence this implies multiplicative inverse of a member JJ(3) vulnerable inverse.

P (12): Existence of multiplicative inverse of JJ (3).

As multiplicative inverse of members of JJ(3) does not exists we can find a matrix that possesses characteristics which parallel to
an inverse matrix this inverse matrix, if it exists, will be known as a maximal inverse corresponding to a particular member of
JJ(3).

7. Graphical representation of an element of set JJ (3)

In thi_s’sec@’n we consider the geometrical meaning of our basic matrix satisfying “RC Property” [i.e. Ri-Ci=0¢pri= 1,2,3
ﬁs’, Ry i'fi, we have in Fl'Elspace, two vectors which are orthogonal to each other and in general |R;| = |Ci|,we get two vectors
Ry and C1 showing two perpﬂdicular line segmentswhich in turn can be extended to the construction of a rectangle with origin as

co-terminus point of R1 and C1.with this fact we can construct one of its diagonal as Ry +6
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X Aois s A(3,0.-1)

Fig 1

As shown in the above figure 1, Ry = 0A gng €1 = OB gng hence 0C = OA+ AC 45 OB I AC o we are equipped with

what we want to convey. We have two cases.

—_— e

Case - I: If we consider € as the axis and follow the vector @4 to rotate along, we get a conical structure as shown in figure 2.

B(3,0,9)

z Axis

‘ ¥
X Axis  gs A(3,0,-1)
Fig 2
Case - II: In the same line, rotating OB along GC, we get another conical structure. As it corresponds to R1 and I!:'1, we call these

two canonical structures as the first companion canonical structure €C1.As shown in in figure-3
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z Axis
8{5.0.9) [
» e L J
S .
c(3,0 a)'&' ) K
Al ’ "
Y e 3
L

'
X Axis r A(3,0,-1)

Fig 3

_—

Continuing efforts in the same direction we have_two more sets of canonical structures corresponding to R3 and C:, as the second
companion canonical structure £Cz along with R3 and CEI,as the third companion canonical structure CCs As shown in figure-4,

X Axis L 3

Fig 4

Thus, we have led to conclusion from the defining properties that the RC matrix with real entries permits us to perceive the
underlying matrix as a set of 3 pairs of companion cones as £C1, CCaand CCs,

We proceed on the same lines to a finer resolution. We start with a matrix possessing RC property and intrinsically consider all
real entries for the purpose. It will be, later on, extended to on a complex field. The general form of the RC matrix on hand is,

a b ¢
P:(x vV z)
p qr

Following in built property of RC matrix we have three simultaneous equations in nine variables which are,

R,'C,=0= (a)?+bx+cp=0 )

R, C,=0= bx+(y)2+zq=0 ®)
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R;:C3=0= cp+zq+(r)? =0 ©)

Let us denote,

A =bx,B =cpang C = 9Z wjth AB and C not all zero at a time[ i.e. & T B*+ €= =0
[In the case violating above condition we have a null matrix-a special case of RC matrix]
From equations (7), (8), and (9) in terms of above mentioned replacements, we have,

—

a=1—(A+E) (10)
y=4y-(4+0C) (11)
=B +0C) (12)

Which to preserve real system rolls down to three conditions, which are as follows.

(A+B) < 0,{A+C) < 0ang (B +C) < 0 whichis equivalentto 4 < —B and B < —C

Again it’s noteworthy that A = bx for fixed real values throws an infinite choice for selection of values of ‘2" and ‘X', parallel
arguments for B and C continue for choices of variables c, p, g and z.

We now focus on the previous argument A = bx where A a real positive number allows infinitely many combinations for b and x
where both & and possessing same sign.
[In the case 4 < 0 and (4 + B) < 0, we have the case with opposite signs for both & and X]

bx0x=

In any case, we have for a fixed A and given » and this situation when interpreted graphically gives rise to a

rectangular hyperbola.s

Concluding on the parallel reasoning for each one of B and € also we have a rectangular hyperbola. This conveys the message that
each one of RC matrix is presentation of one point on each rectangular hyperbola.

Thus a RC matrix designs a set of three corresponding rectangular hyperbolas.

The notable fact is that once the rectangular hyperbolas and it’s equations are formed from a given ‘RC’ matrix we can, using the
equations of these rectangular hyperbolas, construct infinite ‘RC’ matrices.

8. Converse to the Above Fact

In this section we derive the converse to the above fact without loss of generality. It is claimed that if we three different real
constants; say ci, C2, and ¢z which correspond to three different rectangular hyperbolic system xy = a real constant; [in this case
each one of ¢y, ¢z, and cs] then for each pair of point like (x, y) on each one of the rectangular hyperbola, we have to had three pairs
of points satisfying the equations and which in turn are solvable for infinite values. [Say for a fixed C1, we have b; xi = ¢; for
different values of natural i. ¢i pi = c2, and z; gi = ¢3]. These values in accordance with equations (10), (11), and (12) give the real
entries of ‘RC’ matrix and such are infinite in number.

Without leaning into rigor of the subject on hand, we satisfy by exemplifying a numerical.

Given three rectangular hyperbolas are,
XY = ¢, XY = c3,and XY =3,

For construction of member of JJ(3), let us consider these rectangular hyperbolas as,

A=bx=0¢
E=cp=c
C=gz=cyg
If we select points on rectangular hyperbolas
A=bx=0¢
BE=cp=nc,
C =z = iy
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Randomly as (1, €1),(1, €2)and (1, ©3) respectively. For simplicity let us assume,

b=g&x=1
c=cy@p=1
I=cy&g=1

We can construct a member of JJ(3) as,

a b c
P:(x vV z)
P qr

This satisfies RC property as,

Ri'CG =0= (a)?+bx+cp=0= a=,/—(bx+cp)= a=,/-(A+B)

Ry'C;=0= bx+(y)?+zg=0= y=/—(bx+zg)= y=,/-(A+0)
R3:C3=0= cp+zq+ (2 =0=r=/—(cp+zg) = r=/—(B+0)
In particular if given three rectangular hyperbolas are,

X¥ =2 XY = -3 X¥ =—-6

For construction of member of JJ (3) let us consider these rectangular hyperbolas as,

bx =2

cp=—3

gz =—6

If we select points on rectangular hyperbolas bx=2,cp=—3 gpgqz = —6

Randomly as (1, 2), (-1, 3) and (-1, 6) respectively.
As shown in Figure.5
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We can construct a member of JJ (3) as,

a b ¢ a 2 3
P:(x ¥y 2)=(1 vV 5)
p q r -1 -1 r

This satisfies RC property as,
Ri*C=0= (a)’+bx+cp=0= a=,/—(bx+cp= a=+1= a=+1

Ry Co=0= bx+(y)’+zq=0=y=,/—(bx+tzq) = y=+4= a= 12

Ry'Ca=0= cp+zq+ ()2 =0=r=/—(cp+tzg = r=/9= a=143

So we can construct, on using the data derived from three rectangular hyperbolas, 2° = 8 different RC matrices. They are derived
from the given root matrix P and shown as follows.

1 2 3 1 2 3 1 2 3 1 2 3
-1 -1 3 -1 -1 3 -1 -1 -3 -1 -1 -3

-1 2 3 -1 2 3 -1 2 3 -1 2 3
-1 -1 3 -1 -1 3 -1 -1 -3 -1 -1 -3
[These all matrices observe RC property.]

Conclusion

What we found at the end of profound thinking and pertaining to physical significance of our views has finally tracked us on an
unknown path, we thought initially, but ceaseless efforts have lead us to an extent of utmost satisfaction by involving us in
rigorous version of mathematics. In addition to that we achieved, has opened avenues of higher dimensions.

Vision

We plan to extend and enhance this notion gradually to higher dimensions. We hope that the extension on this will break the
barriers of human visibility and drag a mathematical minded existence to open gates to envisage higher dimension for which
cognitive domain generally does not allow to pierce in.
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