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Abstract 

In this paper, we prove some common fixed point theorems for weakly compatible mappings in intuitionistic Menger space using 

the common property (E.A.) for four finite families of self-mappings. Our results is generalize intuitionistic Menger space are the 

version of intuitionistic fuzzy metric space. 
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1. Introduction 

The notion of probabilistic metric spaces (briefly, PM-space) as a generalization of metric spaces, was introduced by K, Menger 
[21] in 1942. The idea of K. Menger was to use distribution function instead of non-negative real numbers as values of the metric. 

The notion of a probabilistic metric space corresponds to situations when we do not know exactly the distance between two points, 

but we know probabilities of possible values of this distance. Schweizer and Sklar [31, 32] studied this concept and gave some 

fundamental results on this space. It is observed by many authors that contraction condition in metric space may be exactly 

translated in to PM-space endowed with the min norm. In 1972, V.M. obtained a generalization of Banach contraction 

principle on a complete Menger space which is mile stone in development fixed point theory in Menger space. In 1986 

ha-Reid [33] obtained a generalization of Banach contraction principle on a complete Menger space which is mile stone in 

development fixed point theory in Menger space. In 1986, Jungck [13] introduced the notion of compatible maps for a pair of self-

maps in metric space. Jungck and Rohades [14] termed a pair of self-maps to be coincidently commuting or equivalently weak-

compatible if they commute at their coincidence points.  

Modifying the idea of Kramosil and Michalek [16], George and Veeramani [10] introduced fuzzy metric space. Recently Park [29] 

introduced the notion of intuitionistic fuzzy metric spaces as a generalization of fuzzy metric spaces. Kutukcu et al. [19] introduced 

the notion of intuitionistic Menger spaces with the help of -norms and -conorms as a generalization of Menger space due to 

Menger [21]. Further they introduced the notion of Cauchy sequences and found a necessary and sufficient condition for an 

intuitionistic Menger space to be complete. 

Jungck and Rhoades [13] weakned the notion of compatibility by introducing the notion of weakly compatible mappings (extended 

by Singh and Jain [34] to probabilistic metric space) and proved common fixed point theorems without assuming continuity of the 

involved mapping in metric space. In 2002 Aamri and Moutawakil [1] introduced the notion of property (E.A.) (extended by 

Kubiaczyk and Sharma [16] to probabilistic metric space) for self-mappings which contained the class of non-compatible mappings 

due to Pant [28]. Further, Liu et al. [20] defined the notion of common property (E.A.) (extended by Ali et al. [3] to probabilistic 

metric space) which contains the property (E.A.) and proved several fixed point theorems under hybrid contractive conditions. 

Subsequently, there are a number of results which contained the notions of property (E.A) and common property (E.A.) in Menger 

spaces [4, 7, 8]. Inspired by Sintunavarat and Kumam [35, 36], Wadhwa et al. [37] defined the notion of (E.A.) like property and common 

(E.A.) like property in fuzzy metric spaces and improved the results of Kumar [19] as the conditions on containment of ranges 

amongst the involved mappings and closedness of the underlying subspaces are completely relaxed. Many mathematician proved 

various fixed point theorem in Menger spaces [6, 12, 22, 23, 25, 30]. 

In this present paper, we prove some common fixed point theorems for weakly compatible mappings in intuitionistic Menger space 

using the common property (E.A.). In this paper we generalize the result of Kumar S [17]. From intuitionistic fuzzy metric space to 

intuitionistic Menger space. 

 

2. Preliminaries 

Definition 2.1. [31] A binary operation : [0, 1] x [0, 1] →[0, 1] is called a t- norm if  is satisfying the following conditions: 

1.  is commutative and associative, 

2.  is continuous 
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3.  for all  

4.  whenever  and , for all  

 

Definition 2.2. [31] A binary operation  is called a t-conorm if  is satisfying the following conditions: 

1.  is commutative and associative, 

2.  is continuous 

3.  for all  

4.  whenever  and , for all  

Remark 2.3: The concept of triangular norms ( -norms) and triangular conorrms ( -conorms) are known as the axiomatic skeletons 

that we use for characterizing fuzzy intersection and union respectively. These concepts were originally introduced by Menger [22] 

in his study of statistical metric spaces. 

 

Definition 2.4. [32] A distance distribution function is a function  which is left continuous on , non-decreasing and 

We will denote by  the family of all distance distribution functions and by  a special of 

 defined by 

 

 

If  is a non-empty set,  is called a probabilistic distance on  and  usually denoted by  

 

Definition 2.5. [32] A non-distance distribution function is a function  which is right continuous on , non-decreasing 

and  We will denote by  the family of all distance distribution functions and by  a 

special of  defined by 

 

 

If  is a non-empty set,  is called a probabilistic non-distance on  and  usually denoted by  

 

Definition 2.6. [19] A 5-tuple  is said to be an intuitionistic Menger space if  is an arbitrary set,  is a continuous -

norm,  is continuous -conorm,  is a probabilistic distance and  is a probabilistic non-distance on  satisfying the following 

conditions: for all  and  

1.  

2.  

3.  if and only if  

4.  

5.  and  then  

6. , 

7.  

8.  if and only if  

9.  

10.  and  then  

11.  
 

The function  and  denote the degree of nearness and degree of non-nearness between  and  with respect to , 

respectively’ 

Remark [2.7]: Every Menger space  is intuitionistic Menger space of the form  such that -norm  and 

-conorm  are associated [11], that is  for any  

Example: Let  be a metric spaces. Then the metric  induces a distance distribution function  defined by 
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 and a non-distance distribution function  defined by  for all  

and  Then  is an intuitionistic probabilistic metric space. We call this intuitionistic probabilistic metric space 

induced by a metric  the induced intuitionistic probabilistic metric space. If -norm is  and -

conorm  is  for all  then  is an intuitionistic Menger space. 

 

Definition 2.8 [19]: Let  be an intuitionistic Menger space with  and . Then: 

(1) A sequence  in  is said to be convergent to  in  if, for every  and , there exists positive integer  

such that  and  whenever  

(2) A sequence  in  is called Cauchy sequence if, for every  and , there exists positive integer  such 

that and  whenever  

(3) an intuitionistic Menger space  is said to be complete if and only if every Cauchy sequence in  is convergent to 

a point in  

 

Lemma 2.9 [26]: Let  be an intuitionistic Menger space with  and  and for all 

 and if for a number  and 

 

and           (1) 

 

Then   

Proof: Since  and , we get . In intuitionistic Menger space ,  is non-decreasing and  is 

non-increasing for all , we have 

 and  

Using (1) and the definition of intuitionistic Menger space, we have  

 

Definition 2.10 [26]: Two self-maps  and  of an intuitionistic Menger space  are said to be compatible if for all 

, 

and , 

Whenever  is a sequence in  such that  for some . 

 

Definition 2.11[26]: Two self maps  and  of an intuitionistic Menger space  are said to be weakly compatible if they 

commute at their coincidence points, that is  for some  then . 

Remark: If self maps  and  of an intuitionistic Menger space  are compatible then they are weakly compatible. 

 

Definition 2.12 [16]: A pair  of self-mappings of a intuitionistic Menger space  is said to satisfy the property 

 if there exists a sequence  in  such that 

 

 
 

Clearly, a pair of compatible mappings as well as non compatible mappings satisfies the property E.A. 

 

Example: Let  with the usual metric  that is,  and for each  define 

  

  
 

For all  then  is intuitionistic Menger space. 
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Define self-maps and  as follows: 

 

 

consider a sequence  in  such that 

 

 
 

Hence the pair (A, S) satisfies the (E.A.) like property. 

 

Definition 2.13 : Two pairs (A, S) and (B, T) of self-mappings of a intuitionistic Menger space  are said to satisfy the 

common property (E.A.) if there exists two sequences  in  and some  in  such that  

 
 

Example: Let  with the usual metric  that is,  and for each  define 

  

  
 

For all  Then  is intuitionistic Menger space. 

 

Define self-maps and as follows: 

 

, , ,  for all  

 

Taking the sequence  and  in . 

 

  
 

Therefore (A, S) and (B, T) satisfies the common property (E.A.). 

Results 

In [17] Kumar proved the following result  

 

Theorem [3.2] Let  be an intuitionistic fuzzy metric space. Further let  and  be weakly compatible 

pairs of self maps of  satisfying  

 

(1)  or  

(2)  or  satisfies the property  

(3) There exists  such that 

 

 
 

And 

 

 

For all , and . 
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If the range of one of the maps  or  is a complete subspace of  Then  and  have a unique common fixed point 

in . N 

Now we prove the following result 

 

Lemma [3.3] :Let  and  be self-mapping of a intuitionistic Menger space  with  is a continuous -norm and 

 is continuous -conorm defined by  and  satisfying the following: 

(3.3.1)  the pair  or  satisfies the property  

(3.3.2) There exists  such that for every  and  

 

 
 

And  

 

 
 

(3.3.3)  or  

Then the pairs  and  share the common property. 

Proof: Suppose the pair  satisfies  property, then there exists a sequence  in  such that  

for some . 

Since , hence for each  there exists  in  such that . Therefore 

 Now we claim that . For providing this applying inequality on 

, we obtain  

 

 

 
 

Taking the limit as , we get 

 

 

 

 

 

 

 
 

By lemma 2.9 we have  

and therefore  for some . Hence the pair  and  

share the common  property. 

 

Theorem [3.3]: Let  and  be self-mapping of a intuitionistic Menger space  with  is a continuous -norm 

and  is continuous -conorm defined by  and  satisfying the condition 3.3.2 and 

(3.3.4) The pairs  and  share the common  property 

(3.3.5)   and  are closed subsets of . 

Then the pairs  and  have a point of coincidence each. Moreover  and  have a unique common fixed point 

provided both the pairs  and  are weakly compatible. 

Proof: In view of (3.3.4), there exists two sequence  in  such that    
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for some  

 

As  is a closed subset of . Therefore there exists a point  such that . We claim that  put  and 

 in inequality 3.3.2 we get  

 

 

 
 

Taking the limit as , we get 

 

 

 

 
 

And  

 

 

 

 
 

By lemma 2.9 we have . Therefore  which shows that  is a coincidence point of the pair . 

Since  is also a closed subset of , therefore there exists a point  such that . Now we show that  put 

 and  in inequality 3.3.2 we get 

 

 

 

 

 
 

and 

 

 

 

 

 
 

By lemma 2.9 we have .Therefore  which shows that  is a coincidence point of the pair . Since the 

pairs  and  are weakly compatible and  therefore  put  and 

 in inequality 3.3.2 we get  

 

 

 

 

 
 

and 
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By lemma 2.9 we have , therefore . Similarly we can prove that .Hence 

 then  is a common fixed point of and . 

 

Uniqueness: Let  be another common fixed point of and , then  put  and 

 in inequality 3.3.2 we get  

 

 

 

 

 

 

 
 

By lemma 2.9 we have . 

Thus  is a unique common fixed point of and . 

 

Corollary 3.5: Let  and  be self-mapping of a intuitionistic Menger space  with  is a continuous -norm and  is 

continuous -conorm defined by  and  satisfying the following conditions: 

(i) The pair  share the common  property 

(ii) There exists  such that for every  and  

 

 

(iii)  is a closed subsets of  

Then the pairs  has a point of coincidence each. Moreover  and  have a unique common fixed point provided both the 

pairs  are weakly compatible. 
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