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Abstract 

In this paper, we define a new integral operator using generalized hypergeometric operator for certain p-valent functions in the 

unit disc. By using new integral operator we obtain many known integral results. 
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1. Introduction 

Let Ap denote the class of functions of the form 

 𝑓(𝑧) =  𝑧𝑝 + ∑ 𝑎𝑘𝑧
𝑘∞

𝑘=𝑝+𝑛      ,    (𝑝, 𝑛 ∈  ℕ = {1,2, … . })    (1) 

Which are analytic and p-valent in the punchered open unit disc 𝕌 =  {𝑧 ∈  ℂ ∶ |𝑧| < 1}. 
For functions 𝑓 ∈ 𝐴𝑝 given by (1) and  𝑔 ∈ 𝐴𝑝 given by 

𝑔(𝑧) =  𝑧𝑝 + ∑ 𝑏𝑘𝑧
𝑘

∞

𝑘=𝑝+𝑛

, 

The Hadamard product ( or convolution) of f and g is defined by  

(𝑓 ∗ 𝑔)(𝑧) =  𝑧𝑝 + ∑ 𝑎𝑘𝑏𝑘𝑧
𝑘

∞

𝑘=𝑝+𝑛

= (𝑔 ∗ 𝑓)(𝑧). 

For positive real numbers 𝛼1, 𝛼2, … . . 𝛼𝑢;  𝛽1, 𝛽2, …… . . , 𝛽𝑣; 𝐴1, 𝐴2, ……𝐴𝑢 𝑎𝑛𝑑 𝐵1 , 𝐵2, …… . . 𝐵𝑣   ( 𝑢, 𝑣 ∈  ℕ) such that 

 1 + ∑ 𝐵𝑗
∞
𝑗=1 − ∑ 𝐴𝑗

∞
𝑗=1   ≥ 0 ,       (2) 

The Wright’s generalized hypergeometric function [2] 

𝑢𝑊𝑣[(𝛼1, 𝐴1), … , (𝛼𝑢, 𝐴𝑢); (𝛽1, 𝐴1), … , (𝛽𝑣 , 𝐴𝑣)] =  𝑢𝑊𝑣 [(𝛼𝑗 , 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣; 𝑧]  

is defined by   

𝑢𝑊𝑣 [(𝛼𝑗 , 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣; 𝑧] =  ∑{
∏ Γ(𝛼𝑗 + 𝑘𝐴𝑗)
𝑢
𝑗=1

∏ Γ(𝛽𝑗 + 𝑘𝐵𝑗)
𝑣
𝑗=1

}

∞

𝑘=0

.
𝑧𝑘

𝑘!
     ( 𝑧 ∈  𝕌) 

In particular if 𝐴𝑗 = 1(𝑗 = 1,2, … , 𝑢) and  𝐵𝑗 = 1(𝑗 = 1,2, … , 𝑣), we have the following obvious relationship  

 𝜎 𝑢𝑊𝑣 [(𝛼𝑗 , 1)1,𝑢; (𝛽𝑗 , 1)1,𝑣; 𝑧] = 𝑢𝐹𝑣 (𝛼1, 𝛼2, … . . 𝛼𝑢;  𝛽1, 𝛽2, …… . . , 𝛽𝑣; 𝑧)   (3) 

Where 𝑢𝐹𝑣 (𝛼1, 𝛼2, … . . 𝛼𝑢;  𝛽1, 𝛽2, …… . . , 𝛽𝑣; 𝑧) is the generalized hypergeometric function for detail [see 5,8] and 

     𝜎 = {∏ Γ(𝛼𝑗)
𝑢
𝑗=1 }

−1
. {∏ Γ(𝛽𝑗)

𝑣
𝑗=1 }      (4) 

Recently Wright hypergeometric functions have been involved in the geometric function theory also for more detail [see 7, 8, 1, 

6] here we introduce the linear operator 

Θp [(𝛼𝑗, 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣] ∶  𝐴𝑝  ⟶  𝐴𝑝 

defined by convolution 

Θp [(𝛼𝑗 , 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣] 𝑓
(𝑧) =  𝜎 {𝑧𝑝    𝑢𝑊𝑣 [(𝛼𝑗 , 1)1,𝑢; (𝛽𝑗 , 1)1,𝑣; 𝑧]} ∗ 𝑓(𝑧) 

In particular, the operator Θp [(𝛼𝑗, 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣] was investigated by Dziok and Raina [1]. We observe that for a function f 

defined by (1) we have  

   Θp [(𝛼𝑗 , 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣] 𝑓
(𝑧) =  𝑧𝑝 +∑ Ωk αkz

k∞
𝑘=𝑝+𝑛      (5) 

Where 

    Ωk =  σ {
∏ Γ(𝛼𝑗+𝐴𝑗(𝑘−𝑝))
𝑢
𝑗=1

∏ Γ(𝛽𝑗+𝐵𝑗(𝑘−𝑝))
𝑣
𝑗=1

} .
1

(k−p)!
       (6) 

Where σ is given by (5). For convenience, we write  

    Θp𝑓(𝑧) = Θp [(𝛼𝑗 , 𝐴𝑗)1,𝑢; (𝛽𝑗 , 𝐵𝑗)1,𝑣] 𝑓
(𝑧)     (7) 

Guney et al. [9] defined the general differential operator 𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 as follows:
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𝐷0𝑓(𝑧) =  𝑓(𝑧) 

  𝐷𝜆,𝑙,𝑝,𝛿,𝛽
1,𝛾

 𝑓(𝑧) =  
𝑝−𝑝(𝜆−𝛿)(𝛽−𝛾)+𝑙

𝑝+𝑙
 𝛩𝑝𝑓(𝑧) + 

(𝜆−𝛿)(𝛽−𝛾)

𝑝+𝑙
 𝑧 (𝛩𝑝𝑓(𝑧))

′

= 𝐷𝜆,𝑙,𝑝,𝛿,𝛽
 𝛾

 𝑓(𝑧)   (8) 

𝐷𝜆,𝑙,𝑝,𝛿,𝛽
2,𝛾

 𝑓(𝑧) =  𝐷𝜆,𝑙,𝑝,𝛿,𝛽
 𝛾

 (𝐷𝜆,𝑙,𝑝,𝛿,𝛽
1,𝛾

 𝑓(𝑧))  

       . 

       . 

   𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧) =  𝐷𝜆,𝑙,𝑝,𝛿,𝛽
 𝛾

 (𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚−1,𝛾

 𝑓(𝑧))       (9) 

Where  𝜆, 𝑙, 𝑝, 𝛿, 𝛽 ≥ 0, 𝜆 >  𝛿, 𝛽 > 𝛾, 𝑚 ∈  ℕ0 =  ℕ ⋃{0}. 
If f(z) is given by (1), then by (5) - (9), we get 

    𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧) = 𝑧𝑝 + ∑ Ω𝑘
𝑚  𝛼𝑘𝑧

𝑘∞
𝑘=𝑝+𝑛 ,               (10) 

Where 

   Ω𝑘
𝑚 =  𝜎 {

∏ 𝛤(𝛼𝑗+𝐴𝑗(𝑘−𝑝))
𝑢
𝑗=1

∏ 𝛤(𝛽𝑗+𝐵𝑗(𝑘−𝑝))
𝑣
𝑗=1

} .
1

(𝑘−𝑝)!
 .
𝑝+(𝑘−𝑝)(𝜆−𝛿)(𝛽−𝛾)+𝑙

𝑝+𝑙
              (11) 

For the special cases of some variables of the operator 𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧), we have 𝐷𝜆,𝑙,𝑝
𝑚,𝛾
 𝑓(𝑧) which was introduced and studied by 

[10] ( see for details [9]) 

In [9], the author defined the class 𝑆𝜆,𝑙,𝛿,𝛽
𝑚,𝛾,𝑝

(𝑛, 𝜑, 𝑏) be the class of function 𝑓(𝑧) ∈ 𝐴𝑝. 

    ℜ{𝑝 +
1

𝑏
(
𝑧(𝐷𝜆,𝑙,𝑝,𝛿,𝛽

𝑚,𝛾
 𝑓(𝑧))

′

𝐷
𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧)
− 𝑝)} > 𝜑      (12) 

And  𝐶𝜆,𝑙,𝛿,𝛽
𝑚,𝛾,𝑝

(𝑛, 𝜑, 𝑏) be the class of function 𝑓(𝑧) ∈ 𝐴𝑝 satisfying 

    ℜ{𝑝 +
1

𝑏
(1 +

𝑧(𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧))
′′

(𝐷
𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧))
′ − 𝑝)} > 𝜑          (13) 

Where 𝑧 ∈  𝕌, 𝑏 ∈ ℂ − {0}, 0 ≤  𝜑 < 𝑝 𝑎𝑛𝑑 𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 is the differential operator defined by (10). 

We note that 𝑓 ∈  𝐶𝜆,𝑙,𝛿,𝛽
𝑚,𝛾,𝑝

(𝑛, 𝜑, 𝑏)  if and only if 
1

𝑝
 𝑧 𝑓′ ∈  𝑆𝜆,𝑙,𝛿,𝛽

𝑚,𝛾,𝑃 (𝑛, 𝜑, 𝑏).  

We define the class 𝑀𝜆,𝑙,𝛿,𝛽
𝑚,𝛾,𝑝

(𝑛, 𝜑, 𝛼, 𝑏, 𝑠) of the function𝑓(𝑧) ∈ 𝐴𝑝 which satisfy the following inequality 

   ℜ{𝑝 +
1

𝑏
(
𝑧(

1−𝛼

1+𝑠(𝑝+𝛼−1)
[(1−𝑠)𝐷𝜆,𝑙,𝑝,𝛿,𝛽

𝑚,𝛾
 𝑓(𝑧)+𝑠𝑧 (𝐷𝜆,𝑙,𝑝,𝛿,𝛽

𝑚,𝛾
 𝑓(𝑧))

′
])

′

1−𝛼

1+𝑠(𝑝+𝛼−1)
[(1−𝑠)𝐷

𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧)+𝑠𝑧 (𝐷
𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 𝑓(𝑧))

′

]

− 𝑝)} > 𝜑      (14) 

Where 𝑧 ∈  𝕌, 𝑏 ∈ ℂ − {0}, 0 ≤  𝜑 < 𝑝 𝑎𝑛𝑑 𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑚,𝛾

 is the differential operator defined by (10). 

Now we define general integral operator as follows: 

𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑞,𝛾,𝛼

 ℱ𝜆,𝑙,𝑝,𝛿,𝛽,𝑟,[|𝜇|]
𝑚,𝛾,𝑝,𝑠 (𝑧) =  ∫ 𝑝 𝑡𝑝−1

𝑧

0
∏ (

(1−𝛼)(1−𝑠𝑖)

1+𝑠𝑖(𝑝+𝛼−1)

𝐷
𝜆,𝑙,𝑝,𝛿,𝛽

𝑚𝑖  ,   𝛾  𝑓𝑖(𝑡)

𝑡𝑝
+

(1−𝛼)𝑠𝑖

1+𝑠𝑖(𝑝+𝛼−1)

(𝐷
𝜆,𝑙,𝑝,𝛿,𝛽

𝑚𝑖  ,   𝛾  𝑓𝑖(𝑡))

′

𝑡𝑝−1
)

[|𝜇|]
𝑖=1

𝑟𝑖

𝑑𝑡,      (15) 

Where 𝑧 ∈  𝕌, 𝑓𝑖  ∈ 𝐴𝑝, 𝜇 ∈  ℂ, |𝜇| ∉ [0,1), [|𝜇|]  is the integral part of the modulus of µ, 𝐼 = [0,1],     𝑠 =

(𝑠1 , 𝑠2 , … , 𝑠[|𝜇|])   ∈ 𝐼
[|𝜇|], 𝑚 = ( 𝑚1 , 𝑚2 , … . , 𝑚[|𝜇|]) ∈  ℕ0

[|𝜇|]
, 𝑟 = ( 𝑟1 , 𝑟2 , …… , 𝑟[|𝜇]) ∈ ℝ+

[|𝜇|]
  and 𝐷𝜆,𝑙,𝑝,𝛿,𝛽

𝑞,𝛾
 is the 

differential operator defined by (10). 

Remark 1: Taking 𝑠1  = 𝑠2 = … =  𝑠[|𝜇|] = 0 and 𝑠1  = 𝑠2 = … =  𝑠[|𝜇|] = 1 with the special cases of some variables of the 

operator𝐷𝜆,𝑙,𝑝,𝛿,𝛽
𝑞,𝛾

, we obtain the general integral operator 𝐷𝜆,𝑙,𝑝
𝑞 ,𝛼
ℱ𝑝,[|𝜇|] ,𝑚 ,𝑘 and  𝐷𝜆,𝑙,𝑝

𝑞 ,𝛼
𝒢𝑝,[|𝜇|] ,𝑚 ,𝑘 which were studied in [11], 

respectively. 

Remark2: Taking 𝑠1 = 𝑠2 = … = 𝑠[|𝜇|] = 0 and 𝑠1 = 𝑠2 = … = 𝑠[|𝜇|] = 1, 𝛼 = 0, 𝑞 = 0, 𝜇 = 𝑐 ∈ ℕ, 𝛼𝑗 = 𝐴𝑗 = 1   ( 𝑗 =

1,2, … . , 𝑢),   𝛽𝑗 = 𝐵𝑗 = 1 ( 𝑗 = 1, 2, … , 𝑣), 𝑢 − 𝑣 = 1, 𝜆 = 1, 𝛽 = 1, 𝛿 = 0, 𝛾 = 0, 𝑙 = 0  we obtain 

ℱ𝑝,𝑐,𝑚,𝑘(𝑧) =  ∫𝑝𝑡
𝑝−1  (

𝐷𝑚1𝑓1(𝑡)

𝑡𝑝
)

𝑘1

…… . (
𝐷𝑚𝑐𝑓𝑐(𝑡)

𝑡𝑝
)

𝑘𝑐
𝑧

0

𝑑𝑡 

And 

𝒢𝑝,𝑐,𝑚,𝑘(𝑧) =  ∫𝑝𝑡
𝑝−1  (

𝐷𝑚1𝑓1(𝑡)

𝑝𝑡𝑝−1
)

𝑘1

…… . (
𝐷𝑚𝑐𝑓𝑐(𝑡)

𝑝𝑡𝑝−1
)

𝑘𝑐
𝑧

0

𝑑𝑡 

Which was introduced by Saltik et al. [12], respecticely. 

Remark3:Taking 𝑠1 = 𝑠2 = ⋯ = 𝑠[|𝜇|] = 0 and 𝑠1 = 𝑠2 = … = 𝑠[|𝜇|] = 1, 𝛼 = 0, 𝑞 = 0, 𝜇 = 𝑐 ∈  ℕ, 𝛼𝑗 = 𝐴𝑗 = 1 (𝑗 =

1,2, … , 𝑢),  𝛽𝑗 = 𝐵𝑗 = 1 (𝑗 = 1, 2, . . , 𝑣), 𝑢 − 𝑣 = 1, 𝛽 = 1, 𝛿 = 0, 𝛾 = 0, 𝑙 = 0, 𝑚1 = 𝑚2 =. . . = 𝑚[|𝜇|] = 0, 𝜆 = 1, we 

obtain 

ℱ𝑝(𝑧) =  ∫𝑝𝑡
𝑝−1  (

𝑓1(𝑡)

𝑡𝑝
)

𝑘1

…… . (
𝑓𝑐(𝑡)

𝑡𝑝
)

𝑘𝑐
𝑧

0

𝑑𝑡 

And 
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𝒢𝑝(𝑧) =  ∫𝑝𝑡
𝑝−1  (

𝑓1(𝑡)

𝑝𝑡𝑝−1
)

𝑘1

…… . (
𝑓𝑐(𝑡)

𝑝𝑡𝑝−1
)

𝑘𝑐
𝑧

0

𝑑𝑡 

Which was introduced by Frasin [13], respecticely. 

 

2. Sufficient conditions of the operator 𝑫𝝀,𝒍,𝒑,𝜹,𝜷
𝒒,𝜸,𝜶

 𝓕𝝀,𝒍,𝒑,𝜹,𝜷,𝒓,[|𝝁|]
𝒎,𝜸,𝒑,𝒔

 

 

For the simplicity, we will use the symbol Dℱqinstead of Dλ,l,p,δ,β
q,γ,α

 ℱλ,l,p,δ,β,r,[|μ|]
m,γ,p,s

. 

Theorem 1: Let μ ∈  ℂ, |μ| ∉ [0,1), [|μ|]  is the integral part of the modulus of μ, s = (s1 , s2 , … , s[|μ|]) ∈ I
[|μ|], I = [0,1],

m = ( m1 , m2 , … . , m[|μ|]) ∈  ℕ0
[|μ|]
, r = ( r1 , r2 , …… , r[|μ]) ∈  ℝ+

[|μ|]
. Also fi  ∈ Mλ,l,δ,β

m,γ,p
(n, φi, α, b, s) for  1 ≤ i ≤ [|μ|]. if  

    0 ≤ p + ∑ ri(φi − p)
[|μ|]
i=1 < p ,          (16) 

Then the integral operator Dℱq defined by (15) is in the class Mλ,l,δ,β
m,γ,p

(n, ξ, α, b, s), where 

    ξ = p + ∑ ri(φi − p).
[|μ|]
i=1          (17) 

Proof:  From (15), we obtain 

  (Dℱq)′(z) = p zp−1  ∏ (
(1−α)(1−si)

1+si(p+α−1)

D
λ,l,p,δ,β

mi  ,   γ  fi(z)

zp
+

(1−α)si

1+si(p+α−1)

(D
λ,l,p,δ,β

mi  ,   γ  fi(z))

′

zp−1
)

[|μ|]
i=1

ri

  

and 

  
z(Dℱq)′′(z)

(Dℱq)′(z)
= (p − 1) + ∑ ri(

z(
1−α

1+si(p+α−1)
[(1−si)Dλ,l,p,δ,β

m,γ
 fi(z)+siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′
])

′

1−α

1+si(p+α−1)
[(1−si)Dλ,l,p,δ,β

m,γ
 fi(z)+siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

]

− p)
[|μ|]
i=1  

Or equivalently 

  
z(Dℱq)′′(z)

(Dℱq)′(z)
+ 1 − p = ∑ ri(

z(
1−α

1+si(p+α−1)
[(1−si)Dλ,l,p,δ,β

m,γ
 fi(z)+siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′
])

′

1−α

1+si(p+α−1)
[(1−si)Dλ,l,p,δ,β

m,γ
 fi(z)+siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

]

− p)
[|μ|]
i=1  

That is 

1

b
(
z(Dℱq)′′(z)

(Dℱq)′(z)
+ 1 − p) = ∑ri

1

b
(
z (

1−α

1+si(p+α−1)
[(1 − si)Dλ,l,p,δ,β

m,γ
 fi(z) + siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

])
′

1−α

1+si(p+α−1)
[(1 − si)Dλ,l,p,δ,β

m,γ
 fi(z) + siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

]

− p)

[|μ|]

i=1

 

Or equivalently 

1

b
(
z(Dℱq)′′(z)

(Dℱq)′(z)
+ 1 − p) + p

= ∑ri

(

 
 
p +

1

b
(
z (

1−α

1+si(p+α−1)
[(1 − si)Dλ,l,p,δ,β

m,γ
 fi(z) + siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

])
′

1−α

1+si(p+α−1)
[(1 − si)Dλ,l,p,δ,β

m,γ
 fi(z) + siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

]

− p)

)

 
 
+ p − p ∑ri

[|μ|]

i=1

[|μ|]

i=1

 

Since  fi  ∈ Mλ,l,δ,β
m,γ,p (n, φi, α, b, s)( 1 ≤ i ≤ [|μ|], we get 

ℜ(
1

b
(
z(Dℱq)′′(z)

(Dℱq)′(z)
+ 1 − p) + p)

= ∑riℜ

(

 
 
p +

1

b
(
z (

1−α

1+si(p+α−1)
[(1 − si)Dλ,l,p,δ,β

m,γ
 fi(z) + siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

])
′

1−α

1+si(p+α−1)
[(1 − si)Dλ,l,p,δ,β

m,γ
 fi(z) + siz (Dλ,l,p,δ,β

m,γ
 fi(z))

′

]

− p)

)

 
 
+ p − p ∑ri

[|μ|]

i=1

[|μ|]

i=1

 

  > p + ∑ ri(φi − p)
[|μ|]
i=1   

Hence the integral operator Dλ,l,p,δ,β
q,γ,α

 ℱλ,l,p,δ,β,r,[|μ|]
m,γ,p,s (z) ∈  Mλ,l,δ,β

m,γ,p
(n, ξ, α, b, s) with 

     ξ = p + ∑ ri(φi − p)
[|μ|]
i=1   

Which completes proof of theorem. 

Corollary 1: Let μ ∈  ℂ, |μ| ∉ [0,1), [|μ|]  is the integral part of the modulus of  μ, s1 = s2  =. … = s[|μ|]  =  0 , m =

( m1 , m2 , … . , m[|μ|]) ∈  ℕ0
[|μ|]
, r = ( r1 , r2 , …… , r[|μ]) ∈  ℝ+

[|μ|]
. Also fi  ∈ Sλ,l,δ,β

m,γ,p
(n, φi, b) for   1 ≤ i ≤ [|μ|]. if  

      0 ≤ p + ∑ ri(φi − p)
[|μ|]
i=1 < p ,   

Then the integral operator 
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  Dλ,l,p,δ,β
q,γ,α

 ℱλ,l,p,δ,β,r,[|μ|]
m,γ,p,s (z) =  ∫ p tp−1

z

0
∏ ((1 − α)

D
λ,l,p,δ,β

mi  ,   γ  fi(t)

tp
)

[|μ|]
i=1

ri

dt  

is in the class Sλ,l,δ,β
m,γ,p

(n, ξ, b) , where  ξ = p + ∑ ri(φi − p).
[|μ|]
i=1        

Corollary 2: Let μ ∈  ℂ, |μ| ∉ [0,1), [|μ|]  is the integral part of the modulus of  μ, s1 = s2  =. … = s[|μ|]  =  1 , m =

( m1 , m2 , … . , m[|μ|]) ∈  ℕ0
[|μ|]
, r = ( r1 , r2 , …… , r[|μ]) ∈  ℝ+

[|μ|]
. Also fi  ∈ Sλ,l,δ,β

m,γ,p
(n, φi, b) for 1 ≤ i ≤ [|μ|]. if  

      0 ≤ p + ∑ ri(φi − p)
[|μ|]
i=1 < p ,   

Then the integral operator 

Dλ,l,p,δ,β
q,γ,α

 𝒢λ,l,p,δ,β,r,[|μ|]
m,γ,p,s (z) =  ∫p tp−1

z

0

∏(
(1 − α)

(p + α)

(Dλ,l,p,δ,β
mi  ,   γ  fi(t))

′

tp−1
)

[|μ|]

i=1

ri

dt 

is in the class Cλ,l,δ,β
m,γ,p

(n, ξ, b) , where  ξ = p + ∑ ri(φi − p).
[|μ|]
i=1     

Remark4:Taking s1 = s2 = ⋯ = s[|μ|] = 0 and s1 = s2 = … = s[|μ|] = 1, α = 0, q = 0, μ = c ∈  ℕ, αj = Aj = 1 (j =

1,2, … , u),  βj = Bj = 1 (j = 1, 2, . . , v), u − v = 1, β = 1, δ = 0, γ = 0, l = 0, m1 = m2 =. . . = m[|μ|] = 0, λ = 1, α =

0 and p = n − 1 in Theorem 1, we have Theorem 1 and Theorem 3 in [3] respectively. Also adding φ1 = φ2 = …… .=
 φ[|μ|] = φ to the hypothesis, we obtain Theorem 1 and Theorem 3 in [4] respectively. 
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