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Abstract

In the present paper, we introduced a new family of mixed summation integral type operators, to approximate Lebesgue
integrable functions on the interval [0, «), and study the rate of convergence for these operators. The family of operators is
constructed by combing the well known Beta and Baskakov operators. The estimate for rate of convergence is obtained in terms
of higher order modulus of continuity, by using the techniques of linear combinations.
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1. Introduction
Durrmeyer “ introduced the notion of summation-integral type operators to approximate Lebesgue integrable functions on[0, 1] .

Several researchers proposed and studied rate of convergence for summation-integral type operators [+ 2 3. 6.8 9. 121 Recently,
Gupta [ studied rate of convergence of complex Baskako-Szasz-Stancu operators. In the present paper, we introduced a new
family of mixed summation integral type operators that is different from the family studied by Gupta [,

Let C,[0,00), y >0 be the class of locally integrable functions f defined on [0,00) and satisfying the growth condition

|f(t)|£ Kt”, t € (0,0), for some K > 0. For f € C [0,0)with norm ||f||y :max{| f(0)|, sup | f(t)|t’7 } we
O<t<o

introduce the following family of mixed summation integral type operators as

V. (f,X) = ”T_liqw(x)]o Doy () F () dt+(1+X) " £(0), x €[0,00), (1.1)
1 v v _(n+v -1 tY
where qn,v(x) = mx (1+ X) ) pn,v (t) - ( v j (1+t)n+v !

and L(v+1,n) being the Beta function given by v!(n -1)/(n + v)!.
On the other hand, in terms of Dirac delta function (), the operators (1.1) may be written as
Vn(f,x):TWn(x,t)f(t)dt, 0<X<oo, (1.2)
0
where the kernel is given by

W68 =Y 0, (0 O+ L0 250).

Since f(t)=0(t") for f €C [0,0), and jtr_l /(1+1)*"™ dt exists for positive values of r, s only, it follows that for
0

f € C,[0,0), the operators (1.1) are well defined for each n >y +1.
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We may observe that the operators defined by (1.1) are linear positive operators 1%, Also the operators V, reproduce only the

constant functions. It is easily verified that the order of approximation by these operators is at best O(n’l) howsoever smooth the
function may be. For improving the order of approximation, we consider the linear combinations of the operators (1.1) as defined
by

Vg (f,X) dgt dg? ... dg*

Van(f0 ditdiz d;
Va(f k%) = 2 o e,

Vgn(f,x) dd di2 ... d

where d,,d,,d,, ...,d, are (k+1) arbitrary but fixed distinct positive integers and A is the Vandermonde determinant

obtained by replacing the operator column of the above determinant by the entries 1.
The above linear combinations in alternative form may be rewritten as

Vo (f.koX) = 3 C(ik)Vy o (F,%)
i=0 ’ (1.3)
k

: d,
where C(j,k) =] [ k=0, C(0,0)=1.
i=0 dj _di
i#]
Such type of linear combinations were first considered by May I to get the better order of approximation for exponential type
operators which include Bernstein polynomials, Baskakov operators, Szasz operators, Gauss Weierstrass operators etc. as special

cases.

2. Preliminary Results
To prove the main results, we need the following preparatory lemmas and proposition:

Lemma 2.1 For me N°and X €[0,0) , if the function 4, ,(X) be defined by

09 =12 300, 00] pry (O -7+ ()7 )

then, we have

_ _ 3 _ XA+ x)(2n-1) +3x(1+5x)
/un,O(X) - 1' /un,l(x) - n—2 ’ /un,Z(X) - (n _ 2)(n _3)

and there holds the following recurrence relation
(n —m- 2)/un,m+l(x) = X(1+ X)[:ur'wm (X) + 2m:un,m—l(x)] + [m(1+ 2X) + 3X]:un,m (X) .
Furthermore, it follows from the above recurrence relation that

Uy (X) = O(nf[(mﬂ)lz]) as N — oo,

where [ #] denotes the integral part of & .
Proof. The values of £4, ,(X), 4, ,(X) easily follow from the definition.
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Now, we have

XL+ X) 21, (X) = ”T‘l Vilx(ux)q;,v<x)°§pn,v_1<t) (t—x)mdt

__’]_ 0 ee)
- m”T S X+ X)) Py -1 (0= X) il
V= 0

—[(n+D)(=x)" L+ )2 + m(—=x)™1(1+ X)L x(L+ Xx)
Next using the well known identities

X(1+ X)q;,v(x) = [V_ (n +1)X]qn,v(x) and t(1+t) pr’w (t) = (V_ nt) pn,v (t) )

we obtain

XL+ X)] 4, () + Mty 1 (X) |

:(n;Dgkv_m+DXMMADTQw4aXP‘wmm+(n+DGxWﬂa+x)n1
v=1 0

=(” )anv(x)ft(m)pnv1(t>(t— xmdt + (=D )annv<x>fpnv_1(t)(t xymeidt

(n Ly

1- X)anv(x)fpnvl(t)(t— x)mdt+ (n+1) (=x)m 1+ x) -t

(”nl)zqnv(x)f[(1+2x>(t—x)+(t— X)2 + X(1+ %) Pl 1 () (t - x)mt

+ n,un,m+1(x) +

=Dy S0 00 Pry (0= )7+ (10 )

= _[m(1+ 2X) + 3X]/un,m (X) + (n —Mm- 2)lun,m+l(x) - mX(1+ X):un,m—l(x) .

This completes the proof of recurrence relation.

Corollary 2.2B1, Let 7 and 9 be two positive numbers, then for any M > O there exists a constant C such that

J.Wn(x,t)tth

[t-x| 26

<Cn™".

Cla.b]

Proposition 2.3, For m € N and sufficiently large N € N, there holds the following relation

V,(t=x)"k, x )=n" [Q(m,k,x)+o() ]

= anv(x)f[(v D) —nt}+n(t —x) + (LX) |y (6) (¢ = x)dt + (0 +1) (-x)mL L+ X)L
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where Q(m, Kk, X) are certain polynomials in x of degree at most m.

Lemma 2.4 (®). For 0<a<a <a, <b, <b <b <o and sufficiently small 6 >0 et the (2k+2)" order Steklov mean
ox2,5 (1) correspondingto g € C, [0, 00) be defined by

512 612 612

Gacas®=5 %2 [ ] . T~ "o @I] [

-012-612 -612
2k+2

where 77 = K12 Zti , te[a,b] and A277k+zg(t) is the (2k+2)™ forward difference with step length 77. Then we have
i1

i) Uy has continuous derivatives up to order (2k +2) on [a,b];

i) 08as]. , <CioT@(9,5,a,0) r=1,2.3, . (2ke2);

Cla,,b]

iii) Hg_gzmz,a“ <C,w,,,(9,0,a,b);

Clay b, ]

iv) ngk+2,5‘c[a2,b2] < C3”g”7'

where  Cy, Cy, Cs are certain unrelated constants independent of g and o .

Main Results
In this section we state and prove the following direct results

Theorem 3.1. If (2k+2)" derivatives of f e C [0,00) existata point X € (0,0), then we have

n“ [V, (f,k,x) = F(X)]= 2kizmcg(i k,x) +0(1) (3.1)
A i=k+1 i! o
and
lim n** [V (f,k+1,x)— f(x)]=0 (3.2)

nN—o0

where Q(i, K, X) are certain polynomials in x of degree i.
Proof. By Taylor’s finite expansion of f (t) we have

2k+2 f(i) (X) _
f(t)= Z T(t —x)' + &(t, X)(t — x)***?, where &(t,x) >0 as t — X.
i=0 :
Now,

v, (f,k, %) = f ()]
:n“zfmv (t-x)'"kx)+ nkﬂzk:C(j KV, (£ (tx) - %%, x)
= ! " Y i=0 , an ’ ,

=E1+E, (say)
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Since

P, (x) R.(x) Rirz1 (%)
(X)) = _ - s T T T
ﬂdjn,.( ) (djn)[(.+1)/2] (djn)[(l+l)/2]+l (djn)'

where P(x),i =0,1, 2, ..., [i/2] are certain polynomials in x of degree at most [i /2] . Therefore, by Proposition 2.3, we get

R X
RO) RO Rea® g g
(don)l+D/21 — (dyn)li+1)/2]+1 (dgn)!
R X
LSO 16 +....+—[V/2](.) ditdi?... dr
(d,n)Ia+n721  (d n)ii+1)/21+1 (dyn)!
k . 1
ZC(Jik)ﬂdn,l(X):_ ......................................................................
i=0 ' A
X
RO RO R,
(d )LD /21 * (d, n)lG+1)/2]+1 (dn)i

= n-kD[Q(i, k, X) +0(1)]' i=(k+D, (k+2), ... (2k+2)

where A is the Vandermonde determinant obtained by replacing the first column by the entries 1.
Consequently, we get

2k+2 k 2k+2 £ (i)
E - nk+1z¥§c<j,k)udjm(x) =3 T Bohk0+00).

i=L i M

To prove the assertion (3.1), it is sufficient to show that E, — 0 as n — .
Foragiven & >0 there existsa ¢ > 0 such that for O<|t—X| <0, |5(t,x)|<g and for

|t —X | >0, | e(t,x) |(t —X)?*2 <K't , for some positive constant K.

If @5(t) is the characteristic function of the interval (X —J, X+ ), then we have

E,| < nk*lzc:(j,k)[vdjn(|e(t,x)|(t—x)2k*2¢5<t),x)+vdjn(|e(t,x)|<t—x)2k*2[1—¢§(t)],x)]
=E, +E,,(say)

Applying Lemma 2.1 and Corollary 2.2, we obtain

K
|E21|Sgnk+lZ|C(j,k)| max /ud-n,2k+2(X)SClg
0<j<k !
=0 <j<

and
k

|E22|£8nk+1Z|C(j,k)| J-den(X,t)|g(t1x)| (t—x)%*2dt

j=0 t-x|>6

k k
<nC(),K) | Iden(x,t) t’dt <C,n**> |C(j,k)|n"™ =0(1)

j=0 [t-x |25 1=0
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for some m>(k +1).

Finally, combining the estimates of E; and Ez, we get (3.1). The proof of (3.2) follows easily along the lines of the proof of
(3.1), by noticing the fact that

Vn ((t — x)i Jk+1, X) — O(n—(k+2) )
This completes the proof.

Theorem 32. Let f eC [0,00). If f(P 1< p<2k+2 exists and is continuous with the modulus of continuity

a)( f(p),é') on [0,a]. Then for sufficiently large N € N we have

||Vn(f Kk, )= f || < max {Cln—plzw(f (p)’n—l/z),CZn_(M)}

clob]
where C, =C,(k, p),C, =C,(k,p, f) and 0<b<a.
Proof. Forall t>0and X €[0,a], we have

: f")(X)(t X)' +[ 1P (&) - P (x )](t +h(t x) () o

f(t)= 2 _

where & lies between t and x and y(t) is the characteristic function of the set (0,00) \[0,a]. The function h(t, X) is bounded
by Kt’[t—x[|", K>0.

Using (3.3), we have

(k) = 2 C KN o (F 1) = X0 W, (1) F ()t

-3l 0] 3 1100 101 0 200

p (1) k © '
=3 S 0 fw,, (1) (e

i=0 .

+ZC(J k)jvvdn(xt)[ﬂ”@) 10 (0] L2 )dt+Zc<J k)jvvdn(xt)h(t 0 2Ot

=J;+J,+J
Making use of Lemma 2.1, we get

J=FT(X)+ O(rf(k*l) )uniformly for all X €[0,a]

Since for all 6>0, we have

[£P (&)~ 2 (0] <o 19,6~ )< oo f<P>,|t—x|)g[1+—|t;X| }a)(f(p’,é').
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Therefore, we have

(p) K © _ p+1l
|J2|SM)Z|C(j,k)|jwdn(x,t) |t—x|p+& dt
pt = o o
Using Schwarz inequality and Lemma 3.1, we get
(p) k L/2
FAE “’(fTWZ|C(j, k)|{O((djn)‘p)Jr%O((djn)“"”)}
H j=0
Consequently, choosing ¢ = N2 we obtain
3| <GP 19,02
Next, choosing a positive number s such that |t — X| > S, we get
k
3/ < D[ CCk) W, ()t t—x|"dt.
j=0 [t-x|=s
Applying Schwarz inequality and Corollary 2.2, we have
. 1/2 1/2
13 <D [CGR] Wy (1) edt W, , (x,t) (= x)°Pdt
j=0 |t-x]| =s [t-x|=s

k
< Z:|C(j,k)|(Kn*m)—l/zo((dJ_n)—plz)S C4n—(k+l).
=0

Finally, combining the estimates of Ji, J> and Js, the Theorem 3.2 follows.
This completes the proof.
Our next result is the rate of convergence in terms of higher order modulus of continuity, which is stated as

Theorem 3.3. Let f € C [0,0)and 0 <@, <&, <b, <b, <oo. Then for sufficiently large N € N, we have

IVA(E K )= g <KD by (0420200 )|

where the constant K is independent of f and n.
Proof. First by linearity property of the operators (1.3), we have

Cla,,b,] < ‘ Vn((.f - f2k+2,5)’ k! : )‘
Vn( f2k+2,5’ k’ : )_ f2k+2,()“

[Va(F k)= 1

Claz,b,]

+|

Clay b, ] +H F=Toias ‘C[az,bz]

= A1+ Az + Az (say)

By property (iii) of Lemma 2.4, we have

A SC1w2k+2(f(r)15; a1'b1)

158



International Journal of Advanced Research and Development

Next by Theorem 3.1, we have

By using the interpolation property due to Goldberg and Meir!! for each J

D 2k+2 0
“(k+ i
A, <Cyn Z H f2k+2,5‘

j=k+1

Clay by ]

=k+1,k+2, ..., 2k +2

' we have

(2k+2)

[ 182 0lg 0 S| | Favalgy oy 1 5255

f2k+2,5

oy 71

<C H f(2k+2)
C[al,bl]ji 4[ 2k+2,6

Again using Lemma 2.4, it follows that

A = HVn((f — facas) Ky - )Hc[az,bzl

< Z|C(j,k)| Wy, 0t [ £(0) = ()|t

Cla, b,]

Kk

YICGR|| [+ [ (W )] FE)—fodt

j=0 [t-x|<6  |t-x|>&

IN

Claz,b,]

+Csn"| £

<] 7= o
2k+2.5 llcra, -5,b, +51

<Co .o f,65 ayby )+ Con ™| £

Finally, choosing & = n—1/2, and combining the estimates of A1, A2 and As, we get the desired result.
This completes the proof.
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