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Abstract

In this paper, by making use of generalized hypergeometric function we define a new class X(a, b, c; $, , k) of univalent functions
in the open unit disk. We derived coefficient estimate, distortion theorems, extreme points and application to fractional calculus
operator for the function belonging to this class.
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1. Introduction
Let Q be the class of analytic and univalent function in the open unit disk U = { z € C : |z| < 1} is of the form

f(2) =2+ X, axz® ()
Letf S Q given by (1) and g ca given by
9(2) =z + X, Biz" )
We define the convolution product (or Hadamard) of f and g by
(fx2)@ = z+ L, abiz = (g+0) (2); ZEW), ®)
Let A is subclass of Q consisting of the functions of the form:
f(2) =2 - L7, auz® (4)

Definition 1:- The generalized hypergeometric function 2R; (a, b, c; k; z) ™ is defined by

e _ I© v @nl(bt+kn)z"
.Ri (@ b,c k z) = T®) Zn:o—r(HkH) o K ERKk>0, lz|] <1, (5)
Where Re(c-a-b)>0 and (a), Pochhammer symbol is given by (a),, = - (:(:)“)

Definition 2:- Let f(z) be in form (4), by using (3) we define a operator ®(a, b, ¢; k): A— A by

() % (@),I(b + kn)z" C
u(a, b, c; K)f(z) = (z ,R; (a,b, ¢ k; z)) * f(z) = Z(Fg::); 2, ‘;(c+kn) (r:l)z' ) * (z — Z anz">

, . T(©Q v @noalbtk(n-1))ayz" ,
u(a, b, c; k)f(z) =z ) Yo (e rk@—1) (D! a,b,c EN;z eU,k>0 (6)

Definition 3:- Let f(z) be in the form (4) is said to be in subclass X (a, b, c; B, 8, k) if and only if

z(u(a,b,c;k)f(z))”’—S(p(a,b,c;k)f(z))”
(n@bckf(z) +2(1-8)

<B, z€U0<86<1,0<B<1, @)
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2. Coefficient Estimate
Theorem 1:- Let the function f(z) defined by (4). Then f(z) € X(a,b,c; B, §,k) if and only if

r'(©@n-1Tb+kn-1))an

Yrean(n—1D(n—-2+86+p) Otk (oD = 2B(1-9) 8)
above result is sharp for the function of the form
2B(1-%)
f(@)=z- T(O(@)n_1T(b+k(@m-1)) zhn =22 %)

n(n=1) =248+ v rkn=1)) (n=1)!

Proof:- Suppose that the inequalities (8) holds true then we obtain

nr

|- B|(n@ b, @) + 21 - 8)|

|Z(u(a b, c; k)f(z))

C M@ Fb+k0-1) ) FO@,- T(b +k(n—1))
_Z"("_l)(”_ )r(b)r(c+k(n—1)) -1 2+62 M D e+ k= D) (= 11 B

n=2

a,z™”

- I'(c)(@)n_1T(b +k(n — 1))
—A2A=9) - Z n(n—1) F(b)F(c Tk@m-1) (n—1)!

[ee)

SZn(n—l)(n—2+6+,B)

n=2

)@, 1l"(b + k(n — 1))
rMIr(c+kn-1)) - 1)'

—2B(1—-96)
<0.

Hence by maximum modulus principle, f(z) € X(a,b,c; B,6,Kk)
Conversely:- Suppose f(z) € X(a, b, c; B, 8,Kk) then

z(u(a,b,c;k)f(z))’”—S(u(a,b,c;k)f(z))”
(n(abck)f(z) +2(1-8)

<B,zeU

then

|z(1(ab, ¢ 0E@) " - 8(u(a,b, ¢ @) | < B|(n(ab, ¢ WE@)" +2(1 - 8)|
we get

C MQ@aalb+km-1) I'(c)(@)y_1I(b + k(n — 1))

_;n(" DO A k= D) D1 52 = D )M+ k= D) (= D1
r'(©)(@n_1T(b+k(n —1)) .
<p2=6)- nZ = D (e + k= D) (0 = 1)1 ’

thus

T'(©)@n-1T(b+kn-1))an

Lnan(n—1Dm—-2+6+pP) I'(b)I'(c+k(n—1)) (n—1)!

< 2B(1-9)
finally we can see sharpness follows for the function defined in (9).

3. Distortion Bounds
Theorem 2:- Let the function f (z) defined by (4) be in the class X(a, b, ¢; B, 8, k) then we have

B(1-8) T(b)I(c+k) B(1-8) T(b)r(c+k) |z|?, (10)

|z| — (6+B) "aT(Or(b+k) lz1* < 1f ()] < |zl + (6+8) "ar(©r(b+k)

Furthermore
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2B(1-8) T(b)I(c+k) 2B(1-8) T(b)I(c+k)

!
1= (6+B) "ar(c)L(b+k) Zl<If @I =1+ (6+B) "ar(c)r(b+k) 21, (11)
the result is sharp for the function defined by
F2)=72— B(1-8) T(MII(c+k) 5 (12)

(6+B) "aT(OT(b+k)
Proof :- It is easy to see from theorem1 that

aT(EOr(b+k) © T(©)(@),_,T(b+kn—1)a,

2(6 +p) rric+k) & ap, < nZzn(n —1Dn-2+8+p) T()I(c+kn—1)) (n— 1)!
<2B(1-9)
Then
Yo, a, < A0 IO (13)

(6+B) "ar(c)r(b+k)

by using (13), we have

|2y _ B(A-8) T(r(c+k) 2
@] 2 |2l = |21 Bty . 2 12| = B0 IO 12

and
230 BU-6) TMINEHR) | 1o
f@] < 2l + 12 S an < |21+ T8 i 1417
Which proves the assertion (10)
from (13) and theorem, it follows also that
o 2B(1-68) T(b)I(c+k)
Ln=p Nty < (8+B) "aT(c)r(b+k)
consequently, we have
, _ ® _ 2B(1-8) T®I(c+k)
@) 2 1= |zl Eiopnay 2 1= =502 2 e 2],
and
F@)] <1+ 2| Sy nay < 1+ 25280 SRS 1),

(6+B) "ar(c)r(b+k)

This proves the assertion (11). Since each of equalities in (10) and (11) is satisfied by the function f(z) given by (12), which proves
our theorem.

4. Extreme Points
Theorem 3:- Let f,(2) = zand f,(z) = z — =y 2™ N=23,.. Then f(2) € X(a,b,c; B,4,K) iff it

n(n=-1) =248+ rcrkn-1)) (n=1)!

can be expressed in the form f(z) = Y5 b, fn(2) Where by >0 and Y50 b, = 1.

Proof:- Firstly, let

2B(1-96) n

z
— _ r'(c)(@)p-1T(b+k(n-1))
nn-Dm-2+6+4) r(b)I(c+k(n-1)) (n—-1)!

f@) = i bafu(2) = byz+ i ba |2~

[ee]

=z|b + i b, |- Z 2B(1-6) .
U i nn—1Mn—2+6 + f) Q@nalbrkn-1) z
n=2

n=2 I'(b)I(c+k(n—-1)) (n—-1)!

C 2B(1 - 8)
=z- Z ( _ 1) —2+68+ I'(c)(@)n-1T(b+k(n-1)) z"
n=2 1N (n ﬁ) r'(b)I'(c+k(n-1)) (n—1)!
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Therefore, (z) € X(a,b,c; B,d,k), since

i _ . [©@n_1Tb+km-1) o
z 28(1-9) nmn—1n-2+8+p) r(b)I(c+k(n-1)) (n-1)! _ z b =1—bh <1
- - 1

B B I(©)@n—1T(b+k(m=1) " 2B(1—6
n(n 1)(7’1 2+6+ ﬁ) r'(b)I'(c+k(n-1)) (n—-1)! B( )

n=2

Conversely:- Assume that f(z) € X(a,b,c; B, 8,k), then by (8) we may set

I'(©)(@n-1T(b+k(n-1))
I'(b)r(c+k(n-1)) (n—1)!

nn—1)Mnm—-2+85+p)

b, = a,nZZandl—Zb =
n 28(1 _ 6) n 4 n
Thus
N N 26(1 — 8)b,
f(z)=z—2az"=z—z —Z"
~ n ~ n(n _ 1)(n _ 2 + 6 + ﬁ) F(C)(a)n—lr(b+k( 1))

I'(b)I'(c+k(n-1)) (n—1)!

_z—Zb(z fn(z))—z<1—z ) anfn@

=biz+ i bufal(2) = i bafal(2)

This proves the theorem.

5. Application to the Fractional Calculus

Many definitions of fractional calculus are given in the literature (>3 %) i.e. fractional derivatives and fractional integrals. We here
recall the following definition which is used by Owa % and by Srivastava and Owa 1,

Definition 4:- The fractional integral of order p is defined for a function f (z), by

D;f(2) = ris fy iz dt (> 0),

0 (z—- t)1 I

Where f(z) is an analytic function in a simply-connected region of the complex z-plane containing the origin and the multiplicity of
(z-t)** is removed by requiring log(z-t) to the real when z-t > 0.

Definition 5:- The fractional derivative of order p is defined, for a function f(z), by

u a rz f(t)
DYf(z) = s u)dsz o dt (0<u<1),

Where f(z) is an analytic function in a simply-connected region of the complex z-plane containing the origin and the multiplicity of
(z-t)* is removed by requiring log(z-t) to the real when z-t > 0.

Definition6:- under the hypotheses of definition5, the fractional derivative of order n+y is defined by
DI f(z) = LoDEf(2) (0 < < 1;n € Ny)
Now, we state the definition of fractional integral operator given by [7],

ané‘

Definition7:- for real number o > 0, 1) and §, the fractional operator, 1, is defined by

167°f(@) == [z = )% 'F (a+n,-8 a;1 - ) f(0)d, (13)

F( )
Where f(z) is analytic function ina simply connected region containing the origin with order
f(z) = 0(z|®),z » 0,where € > max(0,n — 6) — 1,
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o b
F(a’ b’ c; Z) = Zn:o%zn

and (a)n is the Pochhammer symbol defined by

() _F(a+n)_{ In=20
Wn = r@ la(a+1).... (a+n—-1)n €N

and the multiplicity of (z-t)>* is removed by requiring log(z-t) to the real when z-t > 0. To prove our result we need lemma given
by Srivastava ["].

Lemmal:- Leta>0and n>n-9-1. Then
ané _ In+)r(n-n+6+1)
IO'Z f(Z) T I(n-n+DT(n+a+8+1)

n-n

making use of lemmal. We prove the following theorem.

Theorem4:- let 1 < 2, o >0, n(oo + ) <3 a and a + A > -2. If f(z) be defined by the function (4) is in the class
X(a,b,c; B,6,k) then

ani r(2-n+A) _ 2B2-n+A)(A-8)T(b)I(c+k)
|IO'Z f(Z)| = r2-nr+a+i) (1 a(2-n)(2+a+A)T(c)I'(b+k) |Z|) (14)
And
ani r2z-n+a) 2B(2—-n+1)(1-8)T(b)T(c+k)
|IO:Z f(Z)| S re-nrez+a+i) (1 a2-n)2+a+A)r(c)r(b+k) |Z|) (15)

for z € U, where

U _{ Un<1
o7 Ww—-{0in>1

The result is sharp for the function given by

_ B-8) T®I(c+k) ,
(6+B) "aT(c)M(b+k)

f(@)=z

Proof:- By using above lemma, we have

2F0) =t~ ety ot @ (16)
taking
H(z) = "D e £(2) = 2 — $i2, h(n) a2
where
h(n) = —C1n @ (s oy 17

Q@-Mn-1@+a+Dn_1’

it can be easily seen that h(n) is non-increasing for n > 2 and thus we have

-n+A
0<h(m) <h()= % (18)

now by using theorem1 and (18), we have

[oe]

HE)| 2 12l = k@)l Y @y 2 12l -

n=2

2802 =0+ (1 - 8TB)I(c+k)

G- tarDrorh )
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and

Thi

= o

No

[oe]

HE@| < l2l + h@)l2? Y @y < 12l +

n=2

2B —n+ )1 -8TB)I(c+k)
a-mM2+a+ )b +k)

|Z|2I

s proves (14) and (15).
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