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Abstract 

The binary quadratic equation represented by the positive pellian y2=102x2+33 is analyzed for its distinct integer solutions. A few 

interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we have obtained 

solutions of other choices of hyperbola, parabola and special Pythagorean triangle. 
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Introduction 

The binary quadratic equation of the form 1
2

D
2

y  x  where D is non-square Positive integer has been studied by various 

mathematicians for its non-trivial integral solutions when D takes different integral values [1-4]. For an extensive review of various 

problems, one may refer [5-20]. In this communication, yet another interesting hyperbola given by 33
2

102
2

y  x considered and 

infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented.  

 

Method of Analysis 

Consider the binary quadratic equation 

33
2

102
2

 xy          (1) 

Whose smallest positive integer solution is 210y , 20 x , 

To obtain the other solutions of (1), consider the pell equation 1
2

102
2

 xy  

whose solution is given by 

nf
2

1~
ng

1022

1~  ny , nx  

Where, 

    1
10210101

1
10210101nf







nn
  

    1
10210101

1
10210101ng







nn
  

Applying Brahamagupta lemma between ) ,y(x 00 and  ny ,nx ~~ , the other integer solutions of (1) are given by 

n
1022

21
nf1n gx 

 

n102nf
2

21

1ny g
 

The recurrence relations satisfied by the solutions x and y are given by  

03n2n2021n  xxx  

03ny2ny2021ny   

Some numerical examples of x and y satisfying (1) are given in table (1) below 

 
Table 1: Examples 

 

n nx
 n

y
 

0 2 21 

1 412 4,161 

2 83,222 8,40,501 

3 1,68,10,432 16,97,77,041 
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From the above table, we observe some interesting relations among the solutions which are presented below 

(1) n
x

values are always even. 

(2) ny
values are always odd  

(3) Each of the following expressions is a nasty number: 

 

 
 

55

66032422824  nyny
 

 
 

55

6602283223242  nxnx
 

 
 

1111

13332328162216644  nxny
 

 
 

11

132321680963216644  nxny
 

 
 

5555

66660228405014221  nxnx
 

 
 

11110

13332042422166444  nyny
 

 
 

1111

266642233619232168  nxny
 

 
 

110

132042164832332888  nyny
 

 
 

110

13203233620044216644  nxnx
 

 

 
 

224411

269293222339545764284  nxny
 

 
 

224411

269293242816223362004  nxny
 

 
 

1111

1333232339545764216644  nxny
 

 
 

1111

1333242168096323362004  nxny
 

 
 

11

1324233954576423362004  nxny
 

 

(4) Each of the following expressions is a cubical integer: 

 

    
43ny233n412y272252ny21n12y481675   

    
3341614321272251416122181675  nxnxnxnx  

    
43n8404843n8322y10892n840482n8322y3267  xx  

    
43n40833n8322y111088892n4081n8322y33326667  xx  

    
33n8404843ny42111088891n840482ny4233326667  xx  

    
53ny82443ny1664441089003ny8242ny166444326700   
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    
33n28016753n71234321001n2801673n7370296300  xxxx  

    43n53n2n3n 1681002832210890016810028322326700   xxxx  

    
53ny433ny16644444435556003ny41ny16644401333066680 

 

    
53n1697728853ny168100210893n169772883ny16810023267  xx  

    
43n1697728853n8322y111088892n169772883n8322y33326667  xx  

    
53n8404843ny1681002111088893n840482n1681002y33326667  xx  

    
33n1697728853ny428945324267221n169772883ny428671359728016  xx  

    
53n40833ny16810028945324267223n4081ny16810028671359728016  xx  

 

(5) Relations among the solutions: 

 13220   nnn xxy
 

 213 2040   nnn xyy
 

 122 10110   nnn xxy
 

 121 10110   nnn xxy
 

 232 10110   nnn xxy
 

 332 10101   nnn yxx
 

 332 1020101   nnn xyy
 

 123 1020101   nnn xyy
 

 212 1020101   nnn xyy
 

 121 1020101   nnn xyy
 

 233 111111110   nnn xxy
 

 131 204012020   nnn xxy
 

 133 204012020   nnn xxy
 

 123 1012040110   nnn xxy
 

 231 2040110110   nnn xxy
 

 323 11220111111   nnn xyy
 

 331 20604020401   nnn xyy
 

 131 20604020401   nnn xyy
 

 123 102020401101   nnn xyy
 

 312 102010120401   nnn xyy
 

 231 204011011020   nnn yyx
 

 133 1022220224411   nnn xyx
 

 313 226644010224411   nnn xyy
 

 

Remarkable Observations 

i) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in the Table 2 below. 
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Table 2: Hyperbolas 
 

S. No ( X, Y ) Hyperbolas 

1 
















12

21

416121

206

nn

nn

xx

 , xx

 

 22 X 408Y 108900  

2 
















1n3n

3n1n

2801677

 , 41611

xx

xx

 

 22 X 34Y 30603 52001510957022  

3 
















1n2n

2n1n

84048y42

 , y48322

x

x

 

 22 X 102Y  44435556  

4 
















1n3n

3n1n

16977288y42

 , y41681002

x

x

 

 22 X 102Y 1561812970689  

5 
















2n3n

3n2n

16810028322

 , 824166444

xx

xx

 

 22 X 102Y  435600  

6 
















2n1n

1n2n

4088322y

 , y82442

x

x

 

 22 X 102Y  44435556  

7 
















2n2n

2n2n

840488322y

 , y8248322

x

x

 

4356X 102Y 22   

8 
















2n3n

3n2n

169772888322y

 , y8241681002

x

x

 

 22 X 102Y  44435556  

9 
















3n1n

1n3n

4081681002y

 , y16644442

x

x

 

 22 X 102Y  1561812970689  

10 
















3n2n

2n3n

840481681002y

 , y1664448322

x

x

 

 22 X 102Y  44435556  

11 
















3n3n

3n3n

169772881681002y

 , y1664441681002

x

x

 

4356X 102Y 22   

12 
















2n1n

1n2n

y2412y

 , y4161y21

 

 22 XY 102  11107800  

13 
















3n1n

1n3n

y4166444y

 , y1681002y42

 

 22 XY 102  8001812970684  

14 
















3n2n

2n3n

y824166444y

 , y16810028322y

 

 22 XY 102  44431200  

 

ii) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabolas 

which are presented in the Table 3 below. 

 
Table 3: Parabolas 

 

S. no ( X, Y ) Parabolas 

1 
















330416121

206

2232

21

nn

nn

xx

 , xx

 

 2X 13655Y 36300  

2 
















222202801677

 , 41611

22n42n

3n1n

xx

xx

 

 2X  377740Y  92574075 0004113991893  
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3 
















666684048y42

 , y48322

22n32n

2n1n

x

x

 

 2X 1023333Y  44435556  

4 
















134646616977288y42

 , y41681002

22n42n

3n1n

x

x

 

 2X 102673233Y 1561812970689  

5 
















66016810028322

 , 824166444

32n42n

3n2n

xx

xx

 

 2X 1755Y  72600  

6 
















66664088322y

 , y82442

32n22n

1n2n

x

x

 

 2X 341111Y  14811852  

7 
















66840488322y

 , y8248322

32n32n

2n2n

x

x

 

 2X 10233Y  4356  

8 
















6666169772888322y

 , y8241681002

32n42n

3n2n

x

x

 

 2X 102Y 3333  44435556  

9 
















13464664081681002y

 , y16644442

42n22n

1n3n

x

x

 

 2X 102Y  673233  1561812970689  

10 
















6666840481681002y

 , y1664448322

42n32n

2n3n

x

x

 

 2X 102Y 3333  44435556  

11 
















66169772881681002y

 , y1664441681002

42n42n

3n3n

x

x

 

 2X 102Y 33 4356  

12 
















330y2412y

 , y4161y21

32n22n

1n2n

 

 2XY 16830  11107800  

13 
















133320y4166444y

 , y1681002y42

42n22n

1n3n

 

 2X6799320Y  8001812970684  

14 
















660y824166444y

 , y16810028322y

42n32n

2n3n

 

 2XY 33660  44431200  

 

iii) Consider
yp  x

,
xq

. Observe that 0qp  . Treat
qp,

as the generators of the Pythagorean triangle
 ZY,X,T

,  

where 
2

q
2

pZ,
2

q
2

pY, pq2X  . 

Let A and P denote the area and perimeter of the Pythagorean triangle. 

Then the following interesting relations are observed: 

a) -3350Z51YX   

b) 33
P

204A
Z52X   

c) 
P

2A
y x  

d) 66
P

204A
49Z51Y53X   

Conclusion 

In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the positive pell 

equation 4
2

5
2

y  x . As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of 

positive pell equations and determine their integer solutions along with suitable properties. 
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